Theorem 6 (Section 6.2) An m x n matrix U has orthonormal columns iff U'U = 1,
Proof (Case where Uis 3 x 3)

letU=[u; u; u;]

(1) UU=[|u]|[m uz ug]=

The_columns of U are orthogonal iff |

()

The columns of U all have unit length iff

(3)

The desired result follows from (1), (2), and (3).

Diagonalization of Symmetric Matrices A symmetric matrix is a matrix A such
that A" = A, |

If possible diagonalize the matrix A = [:: ;] {A’s eigenvalues are 4and 2.)




Theorem 1 (Section 7.1) If A is symmetric, then any two eigenvectors from
different eigenspaces are orthogonal.

Proof Letv, and v, be eigenvectors that correspond to distinct eigenvalues 4,

and A,. We hope to show v;- v, = 0.

Ay vie V2 = (4 vi) vy = (Avy) Vo = (viATv, = vy (Avy) = vy’ (Av0) = v vy

S0, A3 V- Vo - Apvy'Vy = (A1 — Ay)vy- v, = 0.
ButA;—A;#0,50vy-v,=0.

A matrix A is said to be orthogonally diagonizable is there exists an orthogonal
matrix P with P = P" and a diagonal matrix D such that A = PDP = PDP",

Note that if A is orthogonally diagonalizable then

Al =

(PDP')" =PTD'P" = PDP'= A

Thus A is symmetric.

The Spectral Theorem for Symmetric Matrices (Section 7.1)

Ann

4.

b

o

X n symmetric matrix A has the following properties:
A has n real eigenvalues, counting muiltiplicities.
. The dimension of each eigenspace for each eigenvalue A equals the
multiplicity of A as a root of the characteristic equation.
The eigenspaces are mutually orthogonal.
. Ais orthogonally diagonalizable.




