Investigation: A deceptively linear situation

Math 520

In the three scenarios we considered yesterday involving situations involving simple interest it initially appeared that the only formulas involved were those that were not linear, but exponential.  However, the formula one finds in a situation depends on the two quantities under consideration.  

Scenario 1

If the first scenario it seemed natural to look at the balance in account and the number of months.  In this situation we get the following results:

Case 1: Consider the independent quantity to be the balance x at the beginning of the month and the dependent quantity y to be the balance at the end of the month:

Y=  x + (.12*1/12)x= x + .01x = 1.01x

Case 2: Carry out case 1 several times and see the pattern.  Let the independent variable be n, the number of months and let the dependent variable be Y, the balance at month n.

Y= 
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 if we let x be the number of months

Scenario 2

In the second scenario, which builds on the first, we now must deduct a payment each month.  This of course complicates matters and makes the pattern hard to see.

Again, depending upon who you saw as the changing quantities and let be the variables you could have ended up with one of the two results:

Case 1: Consider the independent quantity to be the balance x at the beginning of the month and the dependent quantity y to be the balance at the end of the month:

Y=  x + (.12*1/12)x -100= x + .01x -100 = 1.01x-100

Case 2: Carry out case 1 several times and see the pattern.  Let the independent variable be n, the number of months and let the dependent variable be Y, the balance at month n.

Y= 
[image: image3.wmf]12

.

)

100

(

12

12

.

)

100

(

12

)

12

/

12

.

1

)(

1000

(

-

-

+

-

n

 

Deriving case 2 is a mess.  It is harder to see the pattern and do the fancy factoring.  So perhaps using the result in case 1 is more intuitive.  In fact, to do scenario 3 we will use this formulation. 

Scenario 3

In the third scenario, we are presented with a situation that is a little difficult to work through.  You would think that you would need the amortized loan formula, but you do not.  In fact, we can solve this problem by developing the correct linear relationship.  

First, one should realize that this situation does involve a formula that is very similar to the second scenario IF we knew the payment amount.  From above we know that we can find the new balance Y  from the old balance x by the doing following linear recursion:

Y= (1+ 10.99/12)x - P

Where P is the monthly payment. Notice that the independent quantity has just shifted to being P, the payment amount.  Y is the new balance, x is the previous balance. 

If our loan was for 4 years, this would be 48 payments or months.  So we want a payment amount P so that when we do this linear recursion 48 times we get 0.  Sounds impossible to find P and that is part of the reason I like this problem.

If we let P stand for the payment amount, we want to find the P that satisfies the following conditions:

When we do the linear recursion  
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= (1+ 10.99/12)(14,999) – P
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=(1+ 10.99/12)( 
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a total of 48 times we get 
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 to be zero.  We can tell our calculator to do this by first hitting 14,999 hitting enter and then type in


(1+10.99/12)(ans)-P and hit enter 48 times. 

Notice that the recursion is a linear function not an exponential function because we are looking at the situation on a month by month basis.

So let’s see what happens for our problem.  First, recall we have the following:


1) The original balance is 14,99 so that is our first “ans” amount


2) r=10.99%

3) We do not know what P is, we will implement the guess and check strategy and  collect data on what our results are

4)we need to do this recursion 48 times (for each P guess) so let’s find a relatively quick way to do this

The author suggests two ways to deal with issue 4.  Use a spreadsheet as they are great at recursion!  Or deal with the fact that the kids will probably just have a graphing calculator and find a quicker way to do it on there. 

Suppose we let P=300.  How much money do we still owe at the end of 48 months?

Suppose we let P=400.  How much money do we still owe at the end of 48 months?

Suppose we let P=450.  How much money do we still owe at the end of 48 months?

Suppose we let P=0.  How much money do we still owe at the end of 48 months?

Put these results in the following table.

	Payment P
	300
	400
	450
	0

	 Amount left after 48 months
	
	
	
	


Let’s stop at this point and see if we can find a pattern. What are the 2 varying quantities present in the scenario we set up?

________________________________             _______________________________

Does the relationship between them appear to be linear?________________________

Why?

Now let’s find the relationship between the two varying quantities.

Extension

Another extension to this is to let the kids fix the payment they can afford and then ask “how much can I borrow?”  Now, the unknown quantity is the initial principal we will call B. 

We still have the linear recursion:
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= (1+ 10.99/12)(B) – P     
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where now we choose the P we can afford and guess and check for finding a B that gives us  
[image: image11.wmf]48

Y

=0

If we apply the same principle, that is collect some data values:

	Initial principal borrowed B
	11,000
	
	
	

	 Amount left after 48 months
	
	
	
	


Let’s stop at this point and see if we can find a pattern. What are the 2 varying quantities present in the scenario we set up?

________________________________             _______________________________

Does the relationship between them appear to be linear?________________________

Why?

Now let’s find the relationship between the two varying quantities.

So, why do all of this when there are formulas for compounded interest?  I would say because linear functions do not seem magical to a middle school student but the button on the calculator for compound interest might. 
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