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E L I Z A B E T H  G E O R G E  B R E M I G A N

O
NE OF THE FIRST STATISTICAL
measures that  students  en-
counter in their study of mathe-
matics is the arithmetic mean.

The procedure for determining the
arithmetic mean of a given set of num-
bers is relatively simple, because it re-
quires only two computational skills: addi-
tion and division. Thus, students are often
introduced to the arithmetic mean in
grades 4 or 5. At this level, computa-
tion of the arithmetic mean is fre-
quently presented as an application of
division rather than as a statistical concept. Ini-
tially, the arithmetic mean is often called the aver-
age; in this article, the arithmetic mean will be re-
ferred to simply as the mean. 

Traditionally, many elementary
school and middle school mathematics
textbooks have defined the mean as the
outcome of computations. For example,
one glossary in a sixth-grade textbook

defines the mean as a number obtained
by dividing the sum of two or more ad-
dends by the number of addends (Bolster
et al. 1994), and another explains the term
as “the sum of a collection of data divided
by the number of data” (Hoffer et al.
1994). In the classroom setting, stu-
dents and teachers might easily assume

that one’s ability to successfully compute the mean
of a given data set is synonymous with achieving an
understanding of the concept of the mean. However,
the possibility exists for students to successfully
compute the mean without developing an under-
standing of what the mean actually represents, how
it is related to the numbers in the data set, or how it
is related to other measures of the center or spread
of a data set (Zawojewski and Shaughnessy 2000). 
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For many years, I taught students the procedure for
finding the mean without paying much attention to their
conceptual understanding of this important statistical
idea. My instructional decisions emphasized the devel-
opment and application of a numerical procedure. The
assessments I used measured students’ abilities to suc-
cessfully execute this procedure. The focus of the prob-
lem situations I presented and the questions I posed to
students were limited. Although I knew that understand-
ing the mean involved more than simply performing a
procedure, it was not clear to me what a conceptual un-
derstanding of the mean was. I found myself asking the
question, “What does it mean to understand the mean?”

An answer to my question came when the results
of some mathematics education research caught my
attention. In particular, Strauss and Bichler (1988)
analyzed the concept of the arithmetic mean into its
properties and investigated the development of chil-
dren’s understanding of these properties. The re-
sults of this research helped me to define conceptual
understanding of the mean for students. In turn, my
definition significantly changed how I taught this
concept to middle school students and is clearly re-
flected in my current teaching of preservice elemen-
tary and middle school teachers.

Strauss and Bichler (1988) identified seven proper-
ties of the arithmetic mean that students must compre-
hend (see fig. 1). These properties serve as a useful
guide for my instructional decisions as I seek to help
students develop a rich conceptual understanding of
the mean. My awareness of these properties has influ-
enced my selection and construction of tasks that have
the potential to lead students to encounter and pay spe-
cific attention to various aspects of the mean. The
types of questions that I ask students during class dis-
cussions and the ways I respond to students’ com-
ments and questions have been affected by the proper-
ties that Strauss and Bichler defined. The results of
their research have provided me with a framework to
evaluate and improve my teaching of this mathemati-
cal topic in both significant and practical ways.

Principles and Standards for School Mathematics
(NCTM 2000, p. 248) offers additional insight into the
teaching and learning of this important statistical con-
cept. The Data Analysis and Probability Standard ad-
vocates that teachers at all grade levels make instruc-
tional decisions that enable students to “select and
use appropriate statistical methods to analyze data.”
In the middle school grades, students should learn to
“find, use, and interpret measures of center and
spread.” This Standard draws our attention to addi-
tional aspects of the conceptual understanding of the
mean, specifically, the idea that students must under-
stand the mean’s relationship to other measures of
center (e.g., median and mode) and to measures of
spread (e.g., range and standard deviation).

As teachers, we are faced with the challenge of
finding or creating problem situations and leading
classroom discussions in which our students can ex-
plore the properties of the mean and the relationship
of the mean to other measures of center and to mea-
sures of spread of the numbers in a data set. The fol-
lowing sections present two problem situations that I
designed and used to meet these goals. References
to Strauss and Bichler’s properties of the mean are
included in the discussions of the tasks.

The Fund-Raising Contest

THE FIRST PROBLEM, THE FUND-RAISING CON-
test, shown in figure 2, was inspired by a debate that
occurred in the middle school where I was teaching.
Students were struggling with the question of how to
fairly determine which group had the best performance
during a fund-raising contest when the groups were of
different sizes. In designing this open-ended task for

A. The mean is located between the extreme
values.

B. The sum of the deviations from the mean is
zero.

C. The mean is influenced by values other than
the mean.

D. The mean does not necessarily equal one of
the values that was summed.

E. The mean can be a fraction that has no coun-
terpart in physical reality.

F. When one calculates the mean, a value of
zero, if it appears, must be taken into account.

G. The mean value is representative of the
values that were averaged.

Fig. 1  Properties of the mean (Strauss and Bichler 1988)

During a fund-raising candy sale, the twenty-nine students in
one seventh-grade class are divided into five groups. A prize
is offered to the group that is the most successful. The
amounts of money collected by the five groups of students
are given below. Your goal is to determine which group is the
most successful and should win the prize. Describe several
different ways that you could reach a decision about which
group is the most successful.

GROUP 1 GROUP 2 GROUP 3 GROUP 4 GROUP 5
50 50 100 70 70
40 50 45 60 60
35 35 20 50 50
30 25 20 20 20
30 25 15 10 10
25 25 10 0

Fig. 2  The Fund-Raising Contest
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my seventh-grade class, I used the same context but ad-
justed the numbers to serve my instructional purposes.

I have found that this open-ended task generally
works well when presented to small groups of students
first, then discussed in a whole-class setting. Before
performing any computations, many students suggest
that the fund-raising group that collected the most
money simply should be declared the winner. Students
are surprised to find that each of the five groups col-
lected the same amount of money. This finding leads
students to consider other ways to compare the
groups. Frequently, students then decide that finding
the mean of each of the five groups could be useful and
important. I usually present this task after students
have learned how to identify the mean, median, mode,
and range of a given data set. Solving the fund-raising
task gives students an opportunity to apply their math-
ematical knowledge and skills in a real-world context.

Students’ attention begins to focus on differences
among, and within, the five groups. One difference
among groups that quickly becomes apparent is
that group 5 has one fewer person than the other
four groups. Although the total amount of money
collected for each group is the same, the mean for
group 5 is greater than the mean of the other four
groups because the number of students in group 5
is smaller. In examining the data sets and means of

groups 4 and 5, students directly encounter prop-
erty F as they compare the impact of a student’s
contribution of $0 in one group with the impact of
being one member short in another group.

Differences in the spread, or distribution of the
data in each group, also emerge as an interesting as-
pect of this problem situation. Determining the
range of amounts collected by each fund-raising
group is a common decision that small groups make
in the classroom. Students attempt to find a way to
measure the contributions of individual members of
each fund-raising group in terms of how “equal”
they are. Some students argue that a smaller range
means that each member of the group has con-
tributed “more equally” to the fund-raising effort.
This observation can lead easily into a discussion of
the location of the mean between the extreme values
of the data set, as noted in property A, and recogni-
tion that the mean does not necessarily equal one of
the values that was summed, as noted in property D. 

Another way students attempt to measure the
equality of contribution is to compare the money
raised by individual group members with the group
mean. Students are often surprised to discover that in
all five groups, the sum of the differences of the mean
and the numbers below the mean is the same as the
sum of the differences of the mean and the numbers
above the mean. If the differences between the mean
and the numbers below the mean are assigned nega-
tive values and the differences between the mean and
the numbers above the mean are assigned positive
values, then we can say that the sum of the differ-
ences, or deviations from the mean, is 0. Figure 3
shows that the sum of the deviations from the mean is
0 for both groups 1 and 3, even though the pattern of
individual differences from the mean is quite different
within, and between, the two groups. Guiding stu-
dents to explore and discuss this aspect of the prob-
lem situation not only leads them to encounter prop-
erty B but also lays the foundation for their future
study of the standard deviation of a data set. 

What Happens If . . .?

ANOTHER TASK I CREATED THAT WAS DIRECTLY
inspired by the properties identified by Strauss and
Bichler (1988) is shown in figure 4. Note that each
of the numbers presented in the given data set is a
positive integer and that the data set is presented
without a context. I deliberately constructed this
data set so that the mean would not be an integer to
give students a situation in which the mean can be a
fraction, which is noted in property E. 

One of the challenges presented to students in
this task is to construct a realistic context that this
data set could represent. In my experience, many

Fig. 3  Deviations from the mean for groups 1 and 3 

MONEY RAISED DIFFERENCE BETWEEN MONEY

BY STUDENTS IN RAISED BY STUDENTS IN

GROUP 1 GROUP 1 AND THE MEAN

50 50 – 35 = 15
40 40 – 35 = 5
35 35 – 35 = 0
30 30 – 35 = –5
30 30 – 35 = –5
25 25 – 35 = –10

Mean = 35 Sum of deviations from the mean = 0

MONEY RAISED DIFFERENCE BETWEEN MONEY

BY STUDENTS IN RAISED BY STUDENTS IN

GROUP 3 GROUP 3 AND THE MEAN

100 100 – 35 = 65
45 45 – 35 = 10
20 20 – 35 = –15
20 20 – 35 = –15
15 15 – 35 = –20
10 10 – 35 = –25

Mean = 35 Sum of deviations from the mean = 0
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students construct a context for this data set in which
only whole numbers “make sense,” such as the num-
ber of televisions in a household or the number of
pets owned by students in the class. In these con-
texts, the numbers in the data set represent discrete
quantities, but the mean, as property E states, “can
be a fraction that has no counterpart in physical real-
ity.” For example, if the data set represents number
of pets owned by students in the class, students have
the opportunity to consider how 2.5 can be the mean
number of pets while recognizing that having 2.5
pets is physically impossible. Other students may
construct contexts in which the numbers in the data
set represent continuous quantities that can be di-

vided into fractional parts, such as money or time. In
these contexts, the mean does have a counterpart in
physical reality. The discussion that emerges sur-
rounding property E of the mean is surprisingly rich
and was never a part of my classroom before I used
these properties to guide my instructional decisions.

Focusing students’ attention on property C, that
the mean is influenced by values other than the
mean, was my primary motivation for constructing
parts c–f of this task. Students should develop un-
derstanding of how the mean of the ten numbers
given in the data set is affected when various new
numbers are added to the data set. The questions
posed in this task can be approached from several
directions. Students may actually compute the new
means, then be encouraged to explore why the re-
sulting changes in the means occurred. These ques-
tions also can be answered without direct computa-
tion of the new mean by using the power of
property B. Adding a new number to the data set
creates a new deviation from the mean that must be
taken into account. The direction of change in the
mean can be determined by identifying if the new
deviation from the mean is positive, negative, or 0.

For instance, suppose that 8 is the new number
added to the data set (see part d of fig. 4). The mean
of the original ten numbers was 2.5. The difference
between the new number being added to the set and
the mean is found to be a positive number, 8 – 2.5 =
5.5; thus, the sum of the deviations from the original
mean in the new set is no longer 0. We can conclude,
therefore, that the mean has changed when 8 is
added to the set and that the mean must have in-
creased to accommodate the new positive deviation.
Students can easily confirm this conclusion by adding
the eleven numbers in the new data set, dividing by
11, and determining that the mean of the new data set
is 3. They can then verify that the sum of the devia-
tions for the new set is 0 for the new mean of 3. 

Similar reasoning can be used in parts (e) and (f)
of this task. When 0 is added to the original data set,
the difference between the new number, 0, and the
mean is negative, 0 – 2.5 = –2.5, and the mean de-
creases. Property B also explains why the mean
does not change when the two new numbers, 2 and
3, are added to the original data set with mean 2.5.
The mean does not change because the effects of
the new positive deviation, 3 – 2.5 = 0.5, and the new
negative deviation, 2 – 2.5 = –0.5, have a sum of 0,
which means that they offset each other.

Parts (g) and (h) of the problem situation are
open-ended and give students the chance to find
numbers that can be added to the data set but do
not change the mean. This task offers another op-
portunity for students to encounter property B be-
cause the sum of the deviations from the mean

Fig. 4  The What Happens If . . .? task

Suppose that you are given the following data set: 

1, 1, 2, 2, 2, 2, 3, 3, 4, 5

(a) Determine the mean and the median of the
given set of numbers.

(b) Identify a real-life situation that this set of
numbers could realistically represent.

(c) What happens to the mean if a new num-
ber, 2, is added to the given data set? Ex-
plain why this result occurs.

(d) What happens to the mean if a new num-
ber, 8, is added to the given data set? Ex-
plain why this result occurs.

(e) What happens to the mean if a new num-
ber, 0, is added to the given data set? Ex-
plain why this result occurs.

(f) What happens to the mean if two new num-
bers, 2 and 3, are added to the given data
set? Explain why this result occurs.

(g) Find two numbers that can be added to the
given data set and not change the mean.
Explain how you chose these two numbers.

(h) Find three numbers that can be added to the
given data set and not change the mean. Ex-
plain how you chose these three numbers. 

(i) What happens to the mean if a new num-
ber, 30, is added to the given data set? How
well does the mean represent the new data
set? Can you find another statistical mea-
sure that better represents the data set? 

(j) Find two numbers that can be added to the
given data set that change the mean but not
the median. Explain how you chose these
two numbers.

(k) Find two numbers that can be added to the
given data set that change the median but
not the mean. Explain how you chose these
two numbers.
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must be 0 if numbers are added to the
set but the mean is unchanged. Thus,
solutions to part (g) include pairs of
numbers that are equally distant from
the mean, with one number larger
than the mean and the other number
smaller than the mean. Note that stu-
dents can find both integer and frac-
tion solutions to part (g).

Finding three numbers that can be
added to the data set and not change
the mean is more challenging. As stu-
dents experiment with various combi-
nations of numbers, they will discover
that one solution to part (h) is to add
one number that is the mean itself, 2.5
in this problem, and two other num-
bers that are equally distant from the
mean, such as 1 and 4. Another solu-
tion to part (h) consists of using two
numbers above the mean and one
number below the mean or vice versa.
Using property B once again, we can
determine that although multiple solu-
tions to this problem are possible, find-
ing a solution in which all three new
numbers are integers is impossible. 

In part (i), students are asked to con-
sider the effect on the mean of adding
an extreme value, or an outlier, to the
data set. The mean of this new data set
changes significantly and helps to draw
students’ attention to the conditions
under which the mean is a “good” rep-
resentative of the data set. Understand-
ing that the mean value is representa-
tive of the data set is stated as property
G, but discussion about property G
must also include situations such as this
one, in which the mean may not be the
best representative measure. One way
to prompt such a discussion is to com-
pare the mean to other measures of cen-
ter. For the given data set, the addition
of an outlier does not affect the median;
thus, the median may be considered a
more representative measure for this
data set. In solving parts (j) and (k) of
this task, students are challenged to
consider not only the relationship of the
mean and the median to the numbers in
the data set but also the relationship of
these two statistical measures of center
to each other.

In Your Classroom

THE RESULTS OF STRAUSS AND 
Bichler’s research (1988) serve as a use-
ful framework to guide instruction in the
concept of the arithmetic mean. I encour-
age you to examine the problems in the
curriculum materials you use and the dis-
cussions held in your classroom with re-
spect to both the seven properties de-
fined by Strauss and Bichler and the Data
Analysis and Probability Standard
(NCTM 2000). In addition, you may en-
courage your students to use various
technological tools as they explore and
discuss these properties of the mean. For
instance, performing computations and
examining the mean and the sum of devi-
ations from the mean can easily be done
using a basic spreadsheet. This tool can
be used for the tasks presented in this ar-
ticle and is particularly helpful when
working with large data sets. These
seven properties of the mean have been a
valuable resource in helping me (and, in
turn, helping my students) to understand
what it means to not just find, but to
meaningfully understand the mean.
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