Implicitly defined curves and their tangents
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Introduction and Goals

You looked at plotting curves that were functions of one variable earlier in the course.  Some curves are not graphs of functions and we may still wish to view them graphically.

In this lab we will explore some curves defined implicitly and use implicit differentiation to examine some of their tangents. 

Before you start

Make sure to go back and look at the reading concerning curves defined implicitly.  Do you know the difference between a curve defined implicitly vs explicitly?  Do you know why you get a function of 2 variables when you use implicit differentiation?

Textbook Correspondance

Stewart 5th edition: 3.6

Maple Commands and Packages Used

Packages: plots, student

Commands: implicitplot, solve, subs, display, implicitdiff

History

Maple Commands

Suppose we wanted to plot a circle 
[image: image19.bmp].  One way to do it is to solve the equation for y, this would yield two equations- the top half and the bottom half of the circle. This would give you the explicit form of the implicit relation between x and y that you could plot using the normal plot command.  
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> solve(x^2+y^2=r^2,y);
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[image: image3]
Notice that since the radius is given as r Maple gives us the two branches in terms of the parameter r.  If we choose a particular value of r, say r= 5 we could plot the circle by executing the following plot command:

> plot([sqrt(-x^2+5^2), -sqrt(-x^2 +5^2)],x);
[image: image4.png]



Maple has the ability to plot this directly with the implicitplot command.  Maple plots by evaluating the expression at several points and then “connects the dots”.  There is the matter in which  points are plugged into the equation and then connected.  Sometimes Maple may not choose a point that you may know is on the plot and hence the graph looks differently than what you expect.  This is where you, the user, must help out by either limiting the domain and range OR by increasing the grid size.  The option grid will take a uniform sampling of points from a “lattice” of points over the region defined by the domain and range.

Example 1: Circle of radius 5 and center (0,0)
· implicitplot(x^2+y^2=5^2,x=-6..6,y=-6..6);
[image: image5.png]



Example 2: using implicit plot without grid option

> implicitplot(y^4=y^2-x^2,x=-1..1,y=-1..1);
[image: image6.png]



In order to evaluate the y-coordinates that belong to a given x-coordinate, in our case x=0, we can use the substitute command to sub in this particular x-value into our curve:

> subs(x=0,y^4=y^2-x^2);
The result tells us that any y value that satisfies this equation will belong to the given x-coordinate:
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We can use the solve command to find these values.  Note that we must tell it what variable to solve for and we enclose that variable in curly brackets since there maybe more than one value of y that will satisfy this equation. 
> solve(y^4 = y^2,{y});
[image: image8.wmf],
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Example 3: Using implicit plot with grid option
> implicitplot(y^4=y^2-x^2,x=-1..1,y=-1..1,grid=[75,75]);
[image: image9.png]



There are times where it just takes limiting the domain and range.  For example, in the following plot the domain and range is far bigger than needed. 

> implicitplot(x^2+y^2=1,x=-9..9,y=-9..9);
[image: image10.png]020406 0
H





Limiting the domain and range properly:

> implicitplot(x^2+y^2=1,x=-1..1,y=-1..1);
[image: image11.png]




Maple can also compute derivatives implicitly.  

> implicitdiff(x^2+y^2=4,y,x);
[image: image12.wmf]-
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> implicitdiff(x^2+y^2=4,x,y);
[image: image13.wmf]-
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Exercises

1. For the following lemiscates:
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Make 3 labeled plots; one plot for each individual and a joint plot.  (Don’t forget to load the plots package!) Plot them over the appropriate viewing window.  You must determine the x-range, y-range and the appropriate grid.  You can use the display command to display multiple implicit plots on the same grid.  The syntax for plotting 2 implicit functions, say 
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 is: 
> p1:=implicitplot(x^2+y^2=x^3,x=-10..10,y=-2..2):
> p2:=implicitplot(x^2+y^2=1,x=-1..1,y=-2..2):
> display({p1,p2});
b. Use your plot to estimate where the vertical and horizontal tangents are and then use the derivative to find them analytically with the help of Maple. 
      (You will need dy/dx)
c. How are the lemiscates related to one another? How are there vertical and horizontal tangents of the two lemiscates related to one another?

(Based on problem 34, section 3.6 from Stewart’s fifth edition of Early Transcendentals)

2. The following curve is sometimes called a bouncing wagon.  
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a. Make a plot of this equation for x between –1 and 2 and y between –1.5 and 1.75 using a 75x75 grid. 

b. Does the name of the curve seem appropriate?  Is this curve a function? Explain.

c. Is there only one tangent at x=1.5? If so, find the slope of this tangent line at x=1.5. If there are more than one, find the slope of all of them.  
d. At how many places does the curve have vertical tangents?  Provide the (x,y) coordinates of these.

e. At how many places does the curve have horizontal tangents?  Provide the (x,y) coordinates of these.

f. Using the display command, graph the curve along with its tangent line(s) at x=1.5. You can just copy your implicitplot command directly into the command, but you will need to determine the tangent line equation(s) before you do this.

Recall the syntax: 

display({implicitplot(f, x=…,y=…), plot(g,x)});

If you try a smaller grid, say 50 x50, you will see that the point is still not plotted. Notice that the grid option is entered after the domain and range and is enclosed in square brackets.





Note: If you look at the expression you would notice that (0,0) should be on the plot- but it is not.








Remember, Maple is just taking a sample of point over the whole region specified by the domain and range and then connecting the dots.  Be careful! Think about what the plot will look like before you plot.  This was a bad range for the x-values.  





Notice that the order in which you list the variables tells Maple whether to compute 


dy/dx or dx/dy





This tells us that the coordinates (0,1), (0,0), and (0,-1) 


are on the graph. 





HINT


For c,d,e you will probably want to use the sub, solve and maybe the unapply commands





First, use the solve command to try to find the explicit relation between y and x.  Notice that we are solving for y. 





Look at the way the implicitplot command works.  You type the implicit relation in the first slot and then give an x and y range. 





The x-range and y-range must be put in by you and are very important to the plot you will receive.  You will use trial and error to find the best ranges.





If you input x=a..b, y=c..d what this tells Maple to do is to focus on just this rectangular portion of the plane.  It will pick out assorted points from this portion, plug them into the implicit relation and see if they work.  If they do, it plots a point.  After picking a set number of points, it stops the process and connects what dots it has.  This is why you must carefully choose these values. 








_1121498067.unknown

