Linear Approximation by tangents- how good is it?
Dr. Jennifer Bergner, Dr. Donald Spickler

Salisbury University

Introduction and Goals

To examine the statement "the tangent line is a linear approximation to the curve for x-values near the point of tangency.".

We will explore both parts of this statement.  First, what "near" is for different functions and secondly, how closely the tangent line approximates the curve. 

Before you start

Make sure you review the concepts covered in section 2.7, 2.8, 2.9—especially the concept of the tangent line at a given point on a curve.  Section 3.11 may also provide some background material to help you understand some of the ideas in this lab, although it is not a prerequisite. 

Textbook Correspondance

Stewart 5th edition: 2.7-2.9, (3.11)
Maple Commands and Packages Used

Packages: student package

Commands: showtangent, plot, solve, fsolve

Skills: defining a function

Maple commands

Maple has a nice command named showtangent in the student package.  It will plot the function and the tangent line at the specified point x=a. The syntax is: showtangent(f(x),x=a)

Example: using the showtangent command

> showtangent(x^2,x=4);
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Example: Zooming in with the showtangent command

A closer look of the x-interval near x=4 yields:

> showtangent(x^2,x=4,x=3.5..4.5);
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Error in the tangent line approximation near the point of tangency

Let's explore what "near" is for different functions. What we want to look at is the difference in the y-values or output values of the tangent line and the curve when we input x-values close to the point of tangency.  Specifically, we will examine 2 things. 

1) If we fix the difference to be some number d, how big of an x-interval around the point of tangency will we get?

2) If we specify an x-interval around the point of tangency, how big is the difference d between the tangent line output and the curves output. 

The tangent line equation at x=a

In order to tackle these questions, we need an equation for the tangent line.  Recall that we know two things about the tangent line at the point x=a on a curve y=f(x) . First, we know a point on it—(a,f(a)) and second, we know that it’s slope is the derivative at that point—f’(a). 

Using the point-slope form of a line:

(y-y1)=m(x-x1)   (    (y-f(a))=f’(a)(x-a)  (  solve for y to get     y=f’(a)(x-a)+f(a)

NOTE In a previous lab you were introduced to the “TL” function which let you put in a point a and it found the equation of the tangent line for you.  If you look at that command again you will see the formula  y=f’(a)(x-a)+f(a)

The difference function

Next, we will define another function.  We are interested in the functional difference, we will call it d(x), between the line and the curve near a given point x=a.

d(x)=| f’(a)(x-a)+f(a)-f(x)|
Notice this is a function of x, we will have a specific value of a that we will be looking at.

Example

Let’s look at the error or difference for a given function and a tangency point.  Our earlier example had us looking at the curve f(x)=
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 at the tangency point a=4.  Hence f(4)=16 and f’(4)=2*4=8.  So our tangent line is

         > L:=x->8*(x-4)+16;
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Our error function d(x) will be

       > d:=x->abs(L(x)-x^2);
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This graph tells us that as the x-coordinate moves away from x=4, the error is increasing.  Look at x=3, what is the error? It looks to be about 1, and if we check this algebraically

> d(3);
                      [image: image7.wmf]1




Using the difference function d(x)
This difference function will help us with our 2 questions.  Suppose I fix the difference to be 0.5.  What is the biggest x-interval surrounding the point of tangency that will be such that the difference between the tangent line and the curve is at most 0.5? Since our difference function is well-behaved, we can just check out where it is 0.5 and this will define our interval.  

Example: Finding the interval for which the difference is less than or equal to 0.5. 
If I use the d(x) function from the last example with f(x)=
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 at the tangency point a=4.  

> solve(d(x)=0.5,x);
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,

,

3.292893219

4.707106781

 - 

4.

0.7071067812

I

 + 

4.

0.7071067812

I


So, correct to 3 decimal places our x-interval is (3.293,4.707).  Notice that I picked out the 2 solutions of 3.292 and 4.707.  I wanted an x-interval around the point of tangency- which is a=4, so I chose the points that were closest to x=4. That means for any x-value within that interval the tangent line will approximate the curve to within 0.5. 

Relative error- how closely does the tangent line approximate the curve

In the previous example we looked at the tangent line approximation compared to the curve’s values in x-intervals about the point of tangency. What you did above was compute and examine error, not relative error. Relative error lets you judge the magnitude of your error. For example, if you missed 10 points on a 20 point exam that is 50% off! But 10 points off on a 100 point exam is 10% off, still an A. 

The relative error function

To calculate relative error, divide error by the function's value at that point:

> relerr:=x->d(x)/f(x);
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So the relative error associated with a difference of 0.5 at x=3.293 is

> relerr(3.293);
.04609516418
or 4.6%.  This means that the error is 4.6% of the size of the functions value.  So maybe approximating the curve to within 0.5 is not that good for this particular curve and point of tangency, or maybe that is good enough.  

Example: Finding an interval for which relative error is less than 2%
Suppose we want a maximum relative error of 2%.  That would mean relerr(x)=0.02
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>

To find the exact values algebraically:

 solve(relerr(x)-.02,x);
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By looking at the graph of relative error about x=4 and our analytic solution of when the relative error is exactly .02 we see that the relative error is less than 2% for all x-values with the interval (4.659,3.504)

Exercises

Remember when you write these up you need to 1) do the problem 2) present results 3) discuss results.  Do not overload me with maple input/output that I do not need to see.

Make sure to label your graphs!  Also, minimize your graphs.

1. For the function
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a) Find the tangent line equation for the point of tangency a=3.

b) Plot the function and it’s tangent line at a=3 on an appropriately scaled and labeled graph.

c) Using the analytic techniques discussed above, find the x-interval about the point of tangency for which the difference between the tangent line and the curve is less than 0.18.  

d) Using the analytic techniques discussed above, find the maximum difference between the tangent line y values and the curve’s y-values for x in the interval (2.94,3.2)

e) Define a difference function d(x) as defined above and plot it for x=1 to x=5.

f) Define a relative error function relerr(x) as defined above and plot it for x=2 to x=4. 

g) Looking at the plot in part f, estimate the relative error for x=2.5 and x= 3.5.  Are they identical?  Why or why not?

h) Find the relative error associated with the x-interval in part c.

i) Find an x-interval about 3 for which the relative error is less than 1%.

2. For the function f(x)= sin(1/x) on the interval x=0.1 to x =0.6:

a. Plot the function on the given interval with its tangents at
     a1=0.13,    a2=0.22,    a3=0.4,     a4=0.5.

b. Define the relative error function for a1 and a4.

c. Plot the relative error function for a1 over the interval 

(a1-.03,a1+.03) = (0.1,0.16).  Use y values y=-0.51 to y=0.51.
d. Plot the relative error function for a4 over the interval (a4-.03,a4+.03).  Use y values y=-0.51 to y=0.51. 

e. For a1, find the interval about it for which the relative error is less than 5%.  

f. For a4, find the interval about it for which the relative error is less than 5%. 

            g. In parts c,d we looked at the relative error over an interval of length  0.06 
            centered about the respective points of tangency a1 and a4.  How are these 2 plots 
           different?  Consider parts e,f --why do you think there is such a magnitude of 
           difference?
We have plotted the function 


y= �and the tangent at x=4.  





Note that maple used the default domain of � EMBED Equation.3  ���.  If you wish to change this- suppose to zoom in to the x-interval � EMBED Equation.3  ���- you would type


showtangent(x^2,x=4,x=b..c)





The curve is in green (it is a little above the red line), note how closely the tangent line fits the curve close to x=4.  





Notice that when we execute this solve command what we are really asking Maple to do is to find where the relative error - .02 is zero.  In other words where the relative error is exactly .02.  So our solution tells us that the relative error is exactly .02 at these 2 points.
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