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Introduction

Property O for an arbitrary complex, Fano manifold X is
a statement about the eigenvalues of the linear operator ob-
tained from the quantum multiplication of the anticanonical
class of X. Pasquier listed the non-homogenous horospherical
varieties of Picard rank 1 into five classes. Property O has
already been shown to hold for one class, the odd symplec-
tic Grassmannian. We will show that Property O holds for
two more classes and an example in a third class of Pasquier’s
list. The theory of Perron-Frobenius reduces our proofs to be
graph theoretic.

Background

Consider the projective plane P2 It resembles C* where we
allow parallel lines to intersect at infinity. Let pt be a point
and hp be a hyperplane (i.e. a line in P?).

The notation [pt], [hp], and [P?] denote a point, a hyperplane,
and the projective plane in general position (e.g. two lines
are in general position if they intersect at a single point). For
notation, we will use the Poincaré duals:

(B = [pt], (o] = [hp), [pt]" = [P°).

The objects [pt], [hp], and [P?] over Z[q] is a ba:
quantum cohomology ring QH*(P?). Addition “
and multiplication “x” counts geometric objects.
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Example 1: [P x [hp] = 1¢°[hp]¥ sin
point (i.e. a degree 0 curve) that interse
hyperplanes.

there is exactly one

s P? and two general
Example 2: [hp] x [pt] = 1¢'[pt]" since there is exactly one
hyperplane (i.e. a degree 1 curve) that intersects a hyperplane
and two points in general position.
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Figure: An example of [hp] + [pt] = 1¢'[pt]¥

P« [P?] = 1¢[pt] = [P”]
P x [hp] = 1¢"[hp]¥ = [hp]

hp] * [hp] = 1¢"[P?)Y = [zn‘]
hp] % [pt] = 1¢'[pt]" = 1¢'[P?)
[pt] * [pt] = 1¢'[hp]” = 1¢'[hp]
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Background (cont.)

Consider the linear operator ¢ obtained from the multiplica-
tion of the anticanonical class 3[hp] and setting ¢ = 1.
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The characteristic polynomial is A\* — 27. The ei ‘enwtlues of
¢ are three times the third roots of unity, 3, 3¢, 3e¥. The
Fano index of P? is 3. This is an example where Con]ottur(‘

O holds.

Conjecture O

Let X be a Fano manifold. The equations arising from the
multiplication of hyperplane classes is the quantum Chevalley
formula. Let ¢ denote the linear operator arising from the
multiplication of the anticanonical class when ¢ = 1. The
following is Conjecture O by Galkin, Golyshev, and Iritani.
We denote
&) :=max{[d| : & is an eigenvalue of &}
The following conditions hold.
« The real number 4y is an eigenvalue of ¢ of multiplicity
one.
« If 6 is an eigenvalue of ¢ with 8] = &, then § = &
for some r-th root of unity ¢ € C, where r is the Fano

index of X.
|

Horospherical Varieties

Let G be a complex reductive group. A G-variety is a reduced
scheme of finite type over the field of complex numbers C,
equipped with an algebraic action of G. Let B be a Borel
subgroup of G. A G-variety X is called spherical if X has
a dense B-orbit. Let X be a G-spherical variety and let H
be the stabilizer of a point in the dense G-orbit in X. The
variety X is called horospherical if H contains a conjugate
of the maximal unipotent subgroup of G contained in the
Borel subgroup B.
Horospherical varieties of Picard rank 1 are either ho-
mogeneous or can be constructed in a uniform way via
a triple (Type(G)wy,wz) of representation-theoretic data,
where Type(G) is the semisimple Lie type of the reductive
group G and wy,wyz are the fundamental weights. Pasquier
classified the possible triples in five classes:
* (Bn,Wn—1,wy) with n > 3;
* (Bs Wy, Wy);
o (Cy Wiy wip—1) With n > 2 and m € [2,n];
o (F wo, w3);

(@

2, W1, Wa)-

Theorem

IfF belonﬂs to the classes (1) for n

st, then Conjecture O holds

« The homogenous case was proved by Cheong and Li (2017).

« Class (3) was proved by Li, Mihalcea, and Shifler (2017).

« We prove the theorem for the classes (1) for n = 3, (2), and
(5)-

« Explicit calculations of Chevalley formulas is a key ingredi-
ent to our proofs. (Gonzales, Pech, Perrin, and Samokhin
(2018))

The quantum Chevalley Bruhat graph of a quantum

cohomology ring is a directed graph where

« the vertices are basis elements of the quantum cohomology
ring;

« there is a directed edge a — 3 if 3 appears with a positive
coefficient in the expansion of é ().

The techniques involving Perron-Frobenius theory used by

Cheong, Li, Mihalcea, and Shifler imply the following lemma:

Lemma

If the following conditions hold for a Fano variety F:

« the matrix representation of ¢ is nonnegative;

« the quantum Chevalley Bruhat graph of F is strongly
connected;

« there exists a cycle of length 7, the Fano index, in the
quantum Chevalley Bruhat graph of F;

then Conjecture O holds for F.
|

Looking back at the example of P?, we sce that the conditions
of the lemma are all met, and therefore Conjecture O holds.
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(a) Nonnegative  (b) Strongly
connected, 7 =3

(c) Eigenvalues
plotted on C

The lemma is generalized in a recent paper by Hu, Ke, Li,
and Yang to include some matrices with negative entries.

Proof for Class (1), n =3

We will show the complete argument for the Class (1), n =3
since the proofs for Class (2) and Class (5) are similar. The
Fano index for Class (1), n = 3 is r = 5, the anticanonical
class is 5[hp], and the quantum cohomology ring over Z[g] has
the basis

G = {¢,[hp], o, 0, - -+ s}

Proof for Class (1), n =3 (cont.)

The linear operator ¢ is given by

é(a) = (5[hp] * a)|4=1 for any o € G.

¢1(t) = 5[hp) ¢1(ag) = Saa + bag
¢1(hp) = 10a; + Han &(ay) = 10(1'1;5 + bayy
(1) = 5ag + Say ¢1(au1) = Bavs + Say + 5[hp)
é1(aw) = 10as + Has ¢1(ana) = Bays + bay
¢1(as) = 100 + bar + bas é1(aus) = Saus + bag
é1(ay) = bag + 10ar ¢1(any) = Bags + ban

éi(as) = bag ¢(ai5) = Sour + bag
é1(ag) = 10ag + dag + gy Ei(ag) = Saar + da

éi(aq) = bayg ¢1(au7) = Sous + bag + Do
é1(as) = bayy + 5 &1(as) = Bag + bagy + 100

Figure: Strongly connected, cycle of length r = 5.

Figure: Class (1), n = 3 eigenvalues plotted on C
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