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ON FROBENIUS-PERRON DIMENSION

CHANGZHENG LI, RYAN M. SHIFLER, MINGZHI YANG, AND CHI ZHANG

Abstract. We propose a notion of Frobenius-Perron dimension for certain

free Z-modules of infinite rank and compute it for the Z-modules of finite
dimensional complex representations of unitary groups with nonnegative dom-

inant weights. The definition of Frobenius-Perron dimension that we are in-

troducing naturally generalizes the well-known Frobenius-Perron dimension on
the category of finite dimensional complex representations of a finite group.

1. Introduction

The well-known Frobenius-Perron theory (see e.g. [4]) concerns eigenvalues and
eigenvectors of nonnegative square matrices of finite order, and has applications to
many areas of research in mathematics. As one remarkable property in Frobenius-
Perron theory, the spectral radius of an N × N irreducible nonnegative matrix is
a simple eigenvalue of the matrix. The notion of the Frobenius-Perron dimension
was motivated by that of the index of a subfactor [21]. It was first defined for
commutative fusion rings by Fröhlich and Kerler [15] as functions satisfying certain
properties. The theory of Frobenius-Perron dimensions for general fusion rings
and categories was developed by Etingof, Nikshych and Ostrik [12]; for some other
cases, we refer to [10, 13, 5, 11, 28] and references therein. The key ingredient
here is to define a function on a nice Z+-ring of finite rank whose value at a basis
element is the spectral radius of the induced linear operator as guaranteed by the
Frobenius-Perron theory.

As a typical example, the Frobenius-Perron dimension FPdim of the Grothendieck
ring Gr(Rep(Gfin)) of the category of finite dimensional complex representations of
a finite group Gfin is the ring homomorphism

FPdim : Gr(Rep(Gfin))→ C with FPdim([Vfin]) = dimVfin

for any irreducible representation Vfin of Gfin. There are infinitely many isomor-
phism classes in the category Rep(G) of finite dimensional complex representations
of a compact Lie group (or equivalently, a reductive complex algebraic group) G (or
its Lie algebra Lie(G) alternatively). This, however, is one of the most important
targets in representation theory. It is therefore quite natural to ask the following
question.

Question 1.1. Is there an appropriate notion of Frobenius-Perron dimension FPdim
for the Grothendieck ring Gr(Rep(G)), with which FPdim : Gr(Rep(G)) → C is a
function satisfying the following properties?

(1) FPdim([V ]) = dimV for any irreducible representation V ∈ Rep(G);
(2) FPdim is a ring homomorphism.

In the present paper, we propose a notion of Frobenius-Perron dimension for
Z•+-rings, generalizing the standard one for Z+-ring of finite rank. As we will see
in Definitions 2.3 and 2.4, we define the generalized Frobenius-Perron dimension to
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be the limit of the standard one for a Z≥0-filtration of Z+-rings of finite rank. By
the definition, the expected property (1) in Question 1.1 is not necessarily satisfied
a priori. Finite dimensional irreducible representations Sλ(V ) of G = U(k) are
indexed by decreasing sequences λ = (λ1, · · · , λk) of integers. The irreducible rep-
resentations Sλ(V ) with λk ≥ 0 generate a subcategory Rep(U(k))+ of Rep(U(k)).
We answer Question 1.1 for unitary groups U(k) in the expected way, yet partially
in the following sense.

Theorem 1.2. There is a generalized Frobenius-Perron dimension FPd• of the
Z•+-ring Gr(Rep(U(k))+), given by the Z•+-ring homomorphism

FPd• : Gr(Rep(U(k))+)→ C; FPd•([Sλ(V )]) = dim Sλ(V ).

We will restate the above conclusion in Theorem 4.3 in a more precise way.
On one hand, the idea of our generalized notion of Frobenius-Perron dimension

is natural. The free Z-module Gr(Rep(U(k))+) admits a natural Z≥0-filtration of
Z-modules Rep(U(k))` generated by isomorphism classes [Sλ(V )] with ` ≥ λ1 ≥
λ2 ≥ · · · ≥ λk ≥ 0. Each data Rep(U(k))` is of finite rank, and inherits a Z+-
ring structure induced from the “natural” tensor product with the help of natural
projections. On the other hand, the subtle point here is that we need to consider the
“quantum version” of the tensor product instead. Slightly more precisely, we need
to consider the fusion ring structure of Rep(U(k))`, called the Verlinde algebra
(named after Erik Verlinde [27]) at level (`, k + `). Those isomorphism classes
[Sλ(V )] with ` ≥ λ1 ≥ · · · ≥ λk ≥ 0 form a Z+-basis, with the structure constants
counting the dimension of the space of sections of appropriate line bundles over
the moduli space of semi-stable parabolic bundles, or equivalently, counting the
dimension of certain vector spaces of conformal blocks as studied in the physics
literature. (See [29, 1, 2, 3] for more details.)

We do the computation by using Witten’s remarkable ring isomorphism [29, 1, 3]

Rep(U(k))` → QH∗(Gr(k, k + `))|q=1; [Sλ(V )] 7→ [Xλ].

Here QH∗(Gr(k, k + `)) denotes the (small) quantum cohomology of the complex
Grassmannian Gr(k, k+`). The Z+-ring QH∗(Gr(k, k+`))|q=1 has a standard Z+-
basis of Schubert classes [Xλ]. Thanks to the above isomorphism, the computation
for the Verlinde algebra can be translated to that for the spectral radius of linear
operators on QH∗(Gr(k, k + `))|q=1 induced by the Schubert classes. The latter
objects are of significant interest in algebraic geometry and mirror symmetry in
their own right. For instance, Galkin, Golyshev and Iritani [18] proposed Gamma
conjectures I and II for Fano manifolds X, together with the underlying conjecture
O that concerns the spectral radius of the linear operator ĉ1(X) on QH∗(X)|q=1

induced by the first Chern class c1(X). The conjecture O for general homogeneous
varieties (of which Gr(k, k+`) is a special case) was verified by Cheong and the first
named author [7] by using Frobenius-Perron theory. There is another conjecture
proposed by Galkin [17], which concerns the lower bound of the spectral radius of
linear operator ĉ1(X). This was recently verified for complex Grassmannian [14]
and for Lagrangian and orthogonal Grassmannians [6]. Our generalized notion of
Frobenius-Perron dimension was actually motivated by the studying the properties
(especially Theorem 3.6) of the spectral radius of the linear operators induced
from the basis of Schubert classes. As a byproduct, we provide lower bounds in
Theorem 3.7 for special radius of these linear operators.
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We finally remark that Question 1.1 is related with the amenability [24, 22, 20]
of dimension problems in representation theory and operator algebras. The study
of analytic properties in the theory of rigid C∗-tensor categories C goes back to
[19, 8]. The positive dimension dmin function on C = Rep(G), obtained by taking
standard minimal solutions to the conjugate equations, is amenable and the value
dmin([V ]) at an irreducible representation V equals dimV (see e.g. [23, §2.7]).
Our generalized Frobenius-Perron dimension provides an algebraic approach to the
realization of dmin in the case G = U(k). Actually, by the name “Frobenius-Perron”
we have assumed an implicit condition in Question 1.1 that FPdim([V ]) is somehow
given by a spectral radius of a linear operator. The fusions rings of complex simple
Lie algebras of general Lie types can be defined [2]. It would be interesting to
investigate whether there are desired answers to Question 1.1 for these general
cases.

The paper is organized as follows. In section 2, we review the standard notion
of Frobenius-Perron dimension of a Z+-ring of finite rank and generalize it to that
of certain Z+-ring of infinite rank. In section 3, we study properties of the spectral
radius of linear operators on QH∗(Gr(k, n))|q=1 induced by Schubert classes. In
section 4, we compute the Frobenius-Perron dimension for the polynomial repre-
sentation ring of unitary groups.

2. Frobenius-Perron dimension

We mainly follow [9] for the standard notion of Frobenius-Perron dimension. A
basis {βi}i∈I of a ring which is free as a Z-module is called a Z+-basis if βi · βj =∑
r∈I c

r
ijβr with crij ∈ Z≥0 for any i, j, r. Let A be a Z+-ring, namely a ring with

identity 1 together with a fixed Z+-basis {βi}i∈I . Each βi induces a linear operator

β̂i : A → A; γ 7→ βi · γ. If I is finite, then for i ∈ I, the well-known Frobenius-
Perron theory on nonnegative matrices (see e.g. [4, §2, Theorem 1.1]) ensures that

the spectral radius ρ(β̂i) of β̂i,

ρ(β̂i) := max{|c| | c is an eigenvalue of β̂i} ∈ R≥0,

is an eigenvalue of the linear operator β̂i.

Definition 2.1. Let A be a Z+-ring of finite rank. The function FPdim = FPdimA,

FPdim : A→ C; FPdim
(∑

i
aiβi

)
:=
∑

i
aiρ(β̂i),

is called the Frobenius-Perron dimension of A.

Furthermore, if A is transitive and unital, then FPdim : A → C is a ring homo-
morphism, so that the above notion is consistent with that for commutative Fusion
rings introduced in [15] . The theory of Frobenius-Perron dimensions for general
fusion rings and categories was developed in [12].

Example 2.2. Let C = Rep(Gfin) be the category of finite dimensional complex
representations of a finite group Gfin, and A = Gr

(
Rep(Gfin)

)
be its Grothendieck

ring. Then for any V ∈ C,FPdim([V ]) = dimC(V ).

In order to explore an answer to Question 1.1, we propose the following definition.

Definition 2.3. We call a pair
(
A, {(Ar, Br)}r∈Z≥0

)
a Z•+-ring (and simply denote

it as A), if A is a free Z-module and the family {(Ar, Br)}r∈Z≥0
satisfy the following.
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(1) {(Ar,+)}r is a Z≥0-filtration of (A,+) of free Z-modules of finite rank;
(2) (Ar,+, ?r) is a Z+-ring with fixed Z+-basis Br;
(3) Br ⊂ Br′ , for any r, r′ ∈ Z≥0 with r < r′;
(4) B0 contains an element 1 which is the identity of (Ar, ?r) for all r.

We call a map F : A → C a Z•+-ring homomorphism, if there exists a family
{Fr : (Ar,+, ?r)→ (C,+, ·)}r of ring homomorphisms in the usual sense such that

lim
r→+∞

Fr(α) = F (α) for any α ∈ A (where Fr(α) := 0 if α /∈ Ar for conventions).

Definition 2.4. Let
(
A, {(Ar, Br)}r∈Z≥0

)
be a Z•+-ring. Assume lim

r→+∞
FPdimAr (β)

exits and belongs to R for all β ∈
⋃∞
r=0Br. We denote FPd•(β) := lim

r→+∞
FPdimAr (β),

and call its linear extension FPd• : A→ C the Frobenius-Perron dimension of(
A, {(Ar, Br)}r∈Z≥0

)
if FPd• is a Z•+-ring homomorphism.

Example 2.5. Let A be a Z+-ring of finite rank with fixed Z+-basis B. Then
A is a Z•+-ring with respect to the trivial Z≥0-filtration {Ar} defined by Ar = A
and Br = B for any r ≥ 0. In this case, a Z•+-ring homomorphism is a ring
homomorphism in the usual sense, and the generalized notion of Frobenius-Perron
dimension of A coincides with the standard one as defined in Definition 2.1

Remark 2.6. The underlying Z-module A of a Z•+-ring is not necessarily a ring a
priori.

Example 2.7. Let A be a Z+-ring equipped with {(Ar, Br)}r such that (a) 1A ∈
B0; (b) Br is an additive basis of Ar; and (c) conditions (1) and (3) in Definition
2.3 are satisfied. Then we can equip A with a Z•+-ring structure, by considering the
induced Z+-ring structure on (Ar,+, ◦r) defined by

α ◦r β := πr(α ◦ β), ∀α, β ∈ Ar.
Here πr : A→ Ar is the morphism of Z-modules given by πr(β) = β if β ∈ Br, or
0 if β ∈

⋃
sBs \Br. In this case, the limit lim

r→+∞
FPdimAr (β) exists (possibly equal

to +∞) for any β ∈ B, by Frobenius-Perron theory (see e.g. [4, §2, Corollary 1.6]).

3. Quantum cohomology of Grassmannians

Our generalized notion of Frobenius-Perron dimension is motivated by the study
of the quantum cohomology of the complex Grassmannian Gr(k, n) = {W 6 Cn |
dimW = k}, where k, n ∈ Z>0 with k < n. The readers with a strong inter-
est in the computation of generalized Frobenius-Perron dimension for polynomial
representation ring of unitary groups, can skip this section.

Set E
(i)
i = Ci and E

(j)
i = E

(j)
i−1×{0} for any i ≤ j. Then E

(n)
• = {E(n)

1 6 E(n)
2 6

· · · 6 E
(n)
n } is a complete flag in E

(n)
n = Cn. Let Pk(n) = {λ = (λ1, · · · , λk) ∈

Zk | n − k ≥ λ1 ≥ · · · ≥ λk ≥ 0}. For λ ∈ Pk(n), we denote |λ| =
∑k
i=1 λi and

λ∨ = (n− k − λk, · · · , n− k − λ1).
The complex Grassmannian Gr(k, n) has a class of closed subvarieties, called

Schubert subvarieties that are defined by

Xλ = Xλ(E
(n)
• ) = {W ∈ Gr(k, n) | dim(W ∩ E(n)

n−k+i−λi) ≥ i, i = 1, . . . , k}
where Xλ is of codimension |λ| for any partition λ ∈ Pk(n). The cohomology
classes {[Xλ] ∈ H2|λ|(Gr(k, n),Z)} form a Z+-basis of the integral cohomology
ring H∗(Gr(k, n)) = H∗(Gr(k, n),Z), which is torsion free and of rank

(
n
k

)
.
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The (small) quantum cohomology QH∗(Gr(k, n)) = (H∗(Gr(k, n)) ⊗ Z[q], ?) is
a commutative ring with the quantum product for any λ, µ ∈ Pk(n) defined by

[Xλ] ? [Xµ] =
∑

ν∈Pk(n),d∈Z≥0

Nw,d
u,v [Xν ]qd.

Here the Schubert structure constant Nw,d
u,v , known as a genus 0, 3-point Gromov-

Witten invariant, counts the number of holomorphic maps f : P1 → Gr(k, n) of
degree d with f(0) ∈ Xλ, f(1) ∈ g · Xµ and f(∞) ∈ g′ · Xν∨ for generic (fixed)

g, g′ ∈ GL(n,C). In particular, Nν,d
λ,µ is a non-negative integer for any d, and it

vanishes for any sufficient large d.
For any partition λ ∈ Pk(n), the quantum product by the Schubert class [Xλ]

induces a linear operator

[̂Xλ] : QH∗(Gr(k, n))|q=1 −→ QH∗(Gr(k, n))|q=1; β 7→ [Xλ] ? β|q=1.

Its eigenvalues and eigenvectors have been well studied by Rietsch [25] in terms
of Schur functions and primitive n-th roots of unity. In particular, the following
lemma follows immediately from Theorem 8.4 (1) and section 11 of [25]

Lemma 3.1. Let λ ∈ Pk(n), and let ρk,λ(n) denote the spectral radius of [̂Xλ],
namely

ρk,λ(n) = max{|c| | c is an eigenvalue of the operator [̂Xλ] on QH∗(Gr(k, n))|q=1}.
Denote hl(i, j) = λi+λ

t
j−i−j+1, where λt = (λt1, · · · , λtn−k) denotes the transpose

partition of λ. Then we have

(3.1) ρk,λ(n) =

∏
(i,j)∈λ sin

(
(k − i+ j)πn

)∏
(i,j)∈λ sin

(
hl(i, j)πn

) ,

Example 3.2. The number hl(i, j) equals the hook length of the box labeled by
(i, j) in the Young diagram of the partition λ. The following figure shows the case
λ = (6, 4, 2, 1) ∈ P4(11), for which λt = (4, 3, 2, 2, 1, 1, 0).

hl(2, 1) = 6 hl(i, j)
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Remark 3.3. The number ρk,(1,0,··· ,0)(n) is the length of the k-th diagonal of a
regular n sided polygon with unit side length.

Notice that there are |λ| boxes in the i-th row of the Young diagram of the
partition λ. The sequence {k − i + j}(i,j)∈λ of length |λ| can be reordered as
{a1, · · · , a|λ|} such that ar = k− i+ λi − j + 1 correspondes to a unique (i, j) ∈ λ.
For the same (i, j), we denote br = hl(i, j). Then ar ≥ br for all 1 ≤ r ≤ |λ|, since

k − i+ λi − j + 1 ≥ λtj + λi − i− j + 1 = hl(i, j), for any (i, j) ∈ λ.

By using formula (3.1), we can define a smooth function ρk,λ : R+ → R. The next
property is an immediate consequence of the definitions of ar’s and br’s.
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Corollary 3.4. For any λ ∈ Pk(n), the following are equivalent.

i) ρk,λ(x) = 1; ii) ar = br for all 1 ≤ r ≤ |λ|; iii) λ1 = λ2 = · · · = λk.

Lemma 3.5 (Hook-length formula; see page 61 of [26]). Let Sλ(V ) denote the
irreducible representation of U(k) associated to λ. Then

dimSλ(V ) =

∏
(i,j)∈λ(k − i+ j)∏

(i,j)∈λ hl(i, j)
.

Theorem 3.6. For λ ∈ Pk(n), we have

lim
x→+∞

ρk,λ(x) = dimSλ(V ).

Proof. The statement follows immediately from and Lemmas 3.1 and 3.5. �

Theorem 3.7. For λ ∈ Pk(n) with λi 6= λj for some i 6= j, the following hold.

(1) We have the inequality

ρk,λ(n) ≥ dimSλ(V )
∏

(i,j)∈λ

(
1− π2(k − i+ j)2

6n2

)
.

(2) The function ρk,λ(x) is strictly increasing on the interval (k+λ1−1,+∞),
and is concave down when x is sufficiently large.

Proof. We leave the details in the appendix. �

Remark 3.8. The above lower bound of ρk,λ(n) works for any 1 ≤ k < n and
λ ∈ Pk(n). There is a natural isomorphism QH∗(Gr(k, n)) −→ QH∗(Gr(n−k, n))
that sends every Schubert class [Xλ] for Gr(k, n) to the Schubert class [Xλt ] of
Gr(k, n) labeled by the transpose λt of the partition λ ∈ Pk(n). As a consequence,
we have

ρk,λ(n) = ρn−k,λt(n) ≥ dimSλ(V t)
∏

(i,j)∈λt

(
1− π2(n− k − i+ j)2

6n2

)
where Sλt(V t) denotes the irreducible representation of U(n− k) associated to λt.

Example 3.9. For k = 2, we have dimSλ(V ) = λ1 − λ2 + 1. Moreover, by

simplifying formula (3.1), we obtain ρ2,λ(n) =
sin (λ1−λ2+1)π

n

sin π
n

. It follows from

Theorem 3.7 (1) that ρ2,λ(n) ≥ (λ1 − λ2 + 1)
(

1− π2(λ1+1)2

6n2

)
. In particular,

ρ2,(1,0)(n) ≥ 2

(
1− 4π2

6n2

)
> 2

(
1− 3

2n

)
= k

n− k
n

+
1

n
for n > 4,

ρ2,(1,0)(3) =
sin 2π

3

sin π
3

= 1 = 2 3−2
3 + 1

3 , and ρ2,(1,0)(4) =
sin 2π

4

sin π
4

=
√

2 > 2 4−2
4 + 1

4 .

Example 3.10. For λ = (1, 0, · · · , 0), we notice dimSλ(V ) = k so that

ρk,λ(n) ≥ k
(

1− π2k2

6n2

)
> k

n− k
n

+
1

n
for 3 ≤ k ≤ n

2

by Theorem 3.7 (1). Together with Remark 3.8 and Example 3.9, this show that

nρk,(1,0,··· ,0)(n) ≥ dimGr(k, n) + 1 = k(n− k) + 1

with the equality holding if and only if k = 1 or n− 1. This is exactly the proof of
Galkin’s lower bound conjecture for all Gr(k, n) as was given in [14].
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4. Frobenius-Perron dimension of polynomial representation ring of
unitary groups

As in the introduction, we consider the Grothendieck ring Gr
(
Rep(U(k))+

)
of

the subcategory Rep(U(k))+ of finite dimensional complex representations of U(k)
generated by the isomorphism classes of irreducible representations Sλ(V ) with
λ ∈

⋃∞
r=0 Pk(k + r), namely λ = (λ1, · · · , λk) ∈ Zk satisfying λ1 ≥ · · ·λk ≥ 0.

The Grothendieck ring A = Gr
(
Rep(U(k))+

)
, also referred to as the polynomial

representation ring of U(k), is a Z+-ring of infinite rank. Moveover, it admits
a standard Z≥0-filtration {Ar}r of free Z-modules, with Br := {[Sλ(V )] | λ ∈
Pk(k + r)} being a basis of Ar for each r. As to be described below, the Z≥0-
filtration {Ar}r can be equipped with different ring structures, for which A becomes
a Z•+-ring.

4.1. Ring structures induced from the tensor product. Consider the mor-
phism πr of Z-modules given by πr : A → Ar with πr([Sλ(V )]) = [Sλ(V )] if
λ ∈ Pk(k + r), or 0 otherwise. Notice that the ring structure of A is given by
tensor product of representations. This induces a natural ring structure (Ar, ◦r) by

[Sλ(V )] ◦ [Sµ(V )] = πr([Sλ(V )⊗ Sµ(V )]), ∀λ, µ ∈ Pk(k + r).

Then (Ar, ◦r) is a Z+-ring of finite rank with the identity πr([1]), where 1 denote
the trivial representation of U(k), whose isomorphic class is the identity of A.
Consequently, the limit FPd•([Sλ(V )]) = lim

r→+∞
FPdimAr ([Sλ(V )]) exists for any λ

with λk ≥ 0 (for instance by [4, §2, Corollary 1.6]). More is true: there is a ring
isomorphism (see e.g. [16, section 9.4])

(Ar, ◦r) −→ (H∗(Gr(k, k + r)),∪); [Sλ(V )] 7→ [Xλ].

For any λ 6= 0, the cup product of any cohomology class by [Xλ] increases the
degree, and hence the operator [Xλ]∪ is nilpotent. Therefore for any r and any
λ ∈ Pk(k + r), we have FPd•([Sλ(V )]) = FPdimAr ([Sλ(V )]) = 1 if λ = 0, or 0
otherwise. In a summary, we have the following.

Theorem 4.1. The Z-module A= Gr
(
Rep(U(k))+

)
equipped with the family {(Ar, Br)}r

is a Z•+-ring. The family {FPdimAr : Ar → C}r and the resulting in map FPd• :
(A, ◦)→ C are all trivial ring homomorphisms. In particular, FPd• is the Frobenius-
Perron dimension of the Z•+-ring

(
A, {(Ar, Br)}r

)
.

4.2. Verlinde algebras. The free Z-module Ar can be equipped with the fusion
ring structure ?r at level (r, k + r), called the Verlinde algebra (of U(k)) at level
(r, k + r) in the physics literature. We follow [3] for the description of ?r below.

The irreducible representation Sλ(V ) of U(k) restrict to the irreducible represen-
tation Vλ̄ of SU(k), where λ̄ = (λ1 − λ2, · · · , λk−1 − λk). The dual representation
V ∗
λ̄

is irreducible and hence given by Vλ̄∗ for a corresponding dominant weight

λ̄∗. The fusion ring of SU(k) at level r, denoted by R(SU(k))r, is an associated,
commutative ring, defined by

[Vλ̄] ∗r [Vµ̄] =
∑
ν̄

N
(r)
0 (λ̄, µ̄, ν̄)[Vν̄∗ ]

where let N
(r)
0 (λ̄, µ̄, ν̄) denotes the dimension of the corresponding vector space of

conformal blocks for genus 0 at level r as described in [2]. The tensor product
of R(SU(k))r and the fusion ring R(U(1))(k+r)k = Z[x]/(xk(k+r) − 1) contains a
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unital subring R̃ 6 R(SU(k))r ⊗Z R(U(1))(k+r)k spanned by elements of the form

[Vλ̄] ⊗ xa where |λ̄| ≡ a (mod k). Denote by ηλ := (r + λk, λ1, · · · , λk−1). The
Z-submodule I spanned by {[Vη̄λ ]⊗xa+k+r − [Vλ̄]⊗xa | |λ̄| ≡ a (mod k)} is in fact

an ideal of R̃. Then the fusion ring (Ar, ?r) (i.e. the fusion ring of U(k) at level

(r, r + k)) can be revealed as the quotient ring R̃/I, by identifying [Sλ(V )] ∈ Ar
with [Vλ̄] ⊗ x|λ| + I ∈ R̃/I. The following remarkable property is due to Witten
[29] (see [1, 3] for mathematical proofs).

Proposition 4.2. The natural isomorphism of Z-modules

Φr : (QH∗(Gr(k, k + r))|q=1, ?) −→ (Ar, ?r); [Xλ] 7→ [Sλ(V )]

is an isomorphism of rings.

Combining the above descriptions with Theorem 3.6, we have the following.

Theorem 4.3. The Z-module A = Gr
(
Rep(U(k))+

)
equipped with the family

{((Ar, ?r), Br)}r is a Z•+-ring. The Frobenius-Perron dimension FPd• : A → C
is well defined (which is a Z•+-ring homomorphism), and is given by

FPd• : A→ C; FPd•([Sλ(V )]) = dim Sλ(V ).

Proof. Notice that Br = {[Sλ(V )] | λ ∈ Pk(r)} ⊂ Br+1 is a Z+-basis of Ar, and
that [1] = [S0(V )] ∈ A is the common identity of all (Ar, ?r). Therefore the first
statement holds.

Let n = k + r. By Proposition 4.2 and Theorem 3.6, we have

FPd•([Sλ(V )]) = lim
r→+∞

FPdimAr ([Sλ(V )]) = lim
n→+∞

ρk,λ(n) = dim Sλ(V ).

Notice that the linear operators {[̂Xλ]}λ on QH∗(Gr(k, n))|q=1 are commutative.
In fact, they can be simultaneously diagonalized [25, section 11] (with respect to
the common basis {σI} therein). Hence, the following equalities of spectral radius
ρn(·) for linear operators on QH∗(Gr(k, n))|q=1 hold.

ρn(a[̂Xλ] + b̂[Xµ]) = aρn([̂Xλ]) + bρn(̂[Xµ]); ρn([̂Xλ]̂[Xµ]) = ρn([̂Xλ])ρn(̂[Xµ]).

Together with Proposition 4.2, this shows that FPdimAr : Ar → C is a ring homo-
morphism for any r. Hence, FPd• : A → C is a Z•+-ring homomorphism. (Here
we notice that the way of defining FPd• : A → C by the linear extension of
the map FPd• : B → C is consistent with the way obtained by taking the limit

lim
n→+∞

ρn(Φ−1
r (α)) for any α ∈ A.) �

5. Appendix: Proof of Theorem 3.7

Lemma 5.1. Let a > b > 0, and define f : R+ → R; f(x) :=
sin a

x

sin b
x

. Then we have

f ′(x) > 0 for any x > a
π .

Proof. By direct calculations, we have

f ′(x) =
g(x)

x2
(
sin b

x

)2 , where g(x) = −a cos
a

x
sin

b

x
+ b sin

a

x
cos

b

x
.

Therefore g′(x) =
sin a

x sin b
x

x2
·(−a2 +b2) < 0 for any x > a

π . Notice lim
x→+∞

g(x) = 0.

It follows that g(x) > 0 and hence f ′(x) > 0 for any x ∈
(
a
π ,+∞

)
. �
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Proof of Theorem 3.7. Notice that ρk,λ(x) =
∏|λ|
r=1 Cr(x) with Cr(x) =

sin arπ
x

sin brπ
x

.

Clearly ar ≥ br > 0 for any r, and max{ar | 1 ≤ r ≤ |λ|} = k + λ1 − 1.
To prove statement (1), following the proof of [14, Lemma 5.1], we use the

elementary inequalities x− x3

6 ≤ sinx ≤ x for x ≥ 0. It follows that

Cr(n) =
sin arπ

n

sin brπ
n

≥
arπ
n

(
1− 1

6 ·
(
arπ
n

)2)
brπ
n

=
ar
br

(
1− π2a2

r

6n2

)
,

where ar ≤ k + λ1 − 1 ≤ n− 1 so that 1− π2a2r
6n2 > 0. Thus we have

ρk,λ(n) =
∏
r

Cr(n) ≥
∏
r

ar
br

∏
r

(
1− π2a2

r

6n2

)
= dimSλ(V )

∏
(i,j)∈λ

(
1− π2(k − i+ j)2

6n2

)
.

To prove statement (2), we notice that for any x > k + λ1 − 1, Cr(x) > 0;
moreover, we have C ′r(x) > 0 whenever ar > br by Lemma 5.1. Since λi 6= λj for
some i 6= j, ar > br does hold for some r. It follows that

ρ′k,λ(x) = ρk,λ(x)

|λ|∑
r=1

C ′r(x)

Cr(x)
> 0 for any x > k + λ1 − 1,

where Cs(x) = 1 and C ′s(x) = 0 whenever as = bs. That is, the first half holds.

ρ′′k,λ(x) = ρk,λ(x)
∑
i,j

C ′i(x)C ′j(x)

Ci(x)Cj(x)
+ ρk,n(x)

∑
r

C ′′r (x)

Cr(x)
− ρk,n(x)

∑
r

(
C ′r(x)

Cr(x)

)2

= ρk,n(x)

∑
i 6=j

C ′i(x)C ′j(x)

Ci(x)Cj(x)
+
∑
r

C ′′r (x)

Cr(x)

 .

By Taylor expansion around x = +∞, we have

C ′r(x)

Cr(x)
=

(−a2
r + b2r)π

2

3x3
+ o

(
1

x4

)
,

C ′′r (x)

Cr(x)
=

(−a2
r + b2r)π

2

x4
+ o

(
1

x5

)
.

Hence,

x4 ·
ρ′′k,λ(x)

ρk,n(x)
=
∑
r

(−a2
r + b2r)π

2 + o

(
1

x

)
,

where the leading term is negative. Thus ρ′′k,n(x) < 0 for sufficiently large x. �
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