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Pascal’s Triangle: Begin with 1; each
1 row begins and ends with a 1;ineach

1 1 position in the middle is the sum of the
1 2 1 two nurabers directly above and to the
1 3 right & left.
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A New Multip lication Tah le for the Klein-4 growp Z, X Z,

The Klein-4 group G is the non-cyclic group of order 4. Itis
abelian and each group element is its own inverse. Note that G =
{(0,0),(0,1),(1,0),(1,1) } is generated by (1,0) and {0,1). Now
assign 4 distinctcolors to the group elerents. The image below

is produced by placing one generator down the left side of the

triangle and the other down the right. The pattern you see isa
consequence of the group multiplication for 2, X Z,.

Ouestion: Reflection about
the axis down the center of
the triangle induces a map
f G-» G. What is special
about thistnap ?
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, A Non-Abelian Example

S, is the permutation group on
three letters. It is also D, -the
symmetry group of an
equilateral triangle. The
generators used here
are a 2-cycle and a 3-cycle.

S; with 25 and 65 rows

Doesthere appear to be
any pattern emerging?
What if we continue to add
mare rows? Onthe next
page are triangles with 250
rows.

o

—
o
o




S; with 250 Rows

Now we begin to see a
pronounced pattern
emerging.

How does this relate to
the group structure?
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53 showing the
rotational cyclic
subgroup of

order 3

Thisis Z, - the
cyclic group of
order 2. Do you
notice any
similarities?




The degree to which we
recogrize pattems in
these trangles is cleady
influenced by the choice
of colorscheme. All six
tangles in the hexagon
shoarn herewere created
using the Pascal’s
Triangle Rule and S;

gwup nmltplication.
Only the color schemes
differ. This raises
interes ing questions
aboat peweption and
indicates that there may
be some interdis ciplinary
questions to be
addressed.




Another Non-Abelian Example

D4-the
symmetry
group of a

square - with
129 and 250 ) & kA

D, is the symmetry group of a regular
n-gon It has order 2n and a cyclic
subgroup of order n generated by

rotation through 2xh. The remaining

elements comespond to reflections.

These triangles are generated by one
rotation and one reflection.
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Do you see any
gualitative wisual

differences between
Dy;=8;and Dy ?
Can we
characten ze and
predict this
phenomenon for
various values
of n?




Here is Dy
D, and Dglook
different than O..

Why is this?

Even vs. Odd?




D., looks more
like D, and D,
but
D., looks like D;.

D, is a p-group if and only if
n=2"Inthis case|D,| = 2™

and every element of D, has 4%
order 29 for some g=m.
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http:/faculty.ssu.edu/~kmshanno/pascal/
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