COSC 320 Final Exam

Name:

Write all of your responses on these exam pages. If you need extra space please use the backs of the pages.

1 Complexity

1. (10 Points) State the precise mathematical definitions for O(g(n)), Q(g(n)), and ©(g(n)).
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2. (10 Points) Using the definition of O(g(n)), prove that 2n3 — n? + 4n + 7 is O(n?).

3. (10 Points) Using the definition of O(g(n)), prove that 2™ is O(n!).
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4. (20 Points) Complexity Analysis with the Master Theorem:

Theorem 4.1 (Master theorem)

Leta > 0 and b > 1 be constants, and let f(n) be a driving function that is
defined and nonnegative on all sufficiently large reals. Define the recurrence 7 (n)
onn € N by

T(n) = aT(n/b) + f(n),

where aT'(n/b) actually means a'T{|n/b|) + a”"T([n/b]) for some constants

a’ = 0 and ¢” = 0 satisfying a = a’ + a”. Then the asymptotic behavior of T'(n)

can be characterized as follows:

1. If there exists a constant € > 0 such that f(n) = O(n"2* ), then T(n) =
@(n'o ),

2. If there exists a constant k& > 0 such that f(n) = ®(n' ¢ lg" n),then T'(n) =
@(n'ow @ 1g5 1 p).

3. If there exists a constant € > 0 such that f(n) = Q(n'°%97¢), and if f(n) addi-
tionally satisfies the regularity condition af(n/b) < cf(n) for some constant
¢ < 1 and all sufficiently large n, then T'(n) = ®( f(n)). [ ]

(a) Use the Master Theorem to find the complexity of a function that takes an array of size n and
does two recursive calls. The first recursive call uses the first quarter of the array and the second
call uses the last quarter of the array. The other work done in the function is a single loop that
multiplies every third entry by 2. Simplify all logarithms.
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(b) For the merge sort, what are the values of a, b, and f(n)? Use these and the Master Theorem to
derive the complexity of the merge sort. Simplify all logarithms.
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5. Short Answer: (25 Points)

(a) What are the criteria for a Red-Black tree?

(b) What are the criteria for an AVL tree?

(¢) What are the height bounds for a Red-Black tree?

(d) What are the height bounds for an AVL tree, assuming all nodes have counts of 1?7

(e) What is the complexity of node insertion into a Red-Black tree?

(f) What is the complexity of the deletion of a node from a Red-Black tree?

(g) What is the complexity of the depth-first search/traversal?

(h) What is the complexity of the breadth-first search/traversal?
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(i) What is the complexity of Dijkstra’s algorithm for finding the shortest path from one vertex to
all the other vertices in a graph?

(j) What is the complexity of Ford’s algorithm for finding the shortest path from one vertex to all
the other vertices in a graph?

(k) What is the complexity of Kruskal’s algorithm for finding a minimal spanning tree for a graph?

(1) What is the complexity of Dijkstra’s algorithm for finding a minimal spanning tree for a graph?

(m) What is the complexity of the Ford-Fulkerson algorithm for finding the maximum flow through a
network?

(n) What is the complexity of the Quick Sort in the best and worst cases?

(o) What is the complexity of the Heap Sort in the best and worst cases?

(p) What is the complexity of the Merge Sort in the best and worst cases?

(q) Which sorts, that we discussed in class and lab, run in linear time?
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2 Algorithms

1. (20 Points) The following exercises deal with the following AVL tree.

(a) Starting with the original tree, draw the AVL tree after 48 has been inserted.

(b) Starting with the original tree, draw the AVL tree after 33 has been inserted.
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(¢) Starting with the original tree, draw the AVL tree after 16 has been removed.

(d) Starting with the original tree, draw the AVL tree after the insertion of 37 and the deletion of 17,
in that order.
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2. (15 Points) Given the following weighted graph, use Kruskal’s algorithm to find the minimum spanning
tree of the graph. Display the final resulting minimum spanning tree. Edges with the same weights
are to be processed alphabetically.
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3. (15 Points) Given the following directed weighted graph, use Dijkstra’s algorithm to find the shortest
path to all vertices from the starting vertex a . Display each iteration, active vertex, and weight label
in chart form as was done in the text and in class.
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4. (5 Points) The following array will be used as a hash table with open addressing and a linear probe.
The hash function will be h(z) = z % sz where sz is the size of the array (10 in this case).

Insert the following values into the hash table in this order: 37, 42, 22, 51, 73, 66, 25, 11.

5. (& Points) The following array will be used as a hash table with open addressing and a quadratic probe.
The hash function will be h(z) = = % sz where sz is the size of the array (10 in this case).

Insert the following values into the hash table in this order: 33, 74, 23, 17, 82, 53, 99, 10.
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6. (5 Points) The following array will be used as a hash table with open addressing and double hashing
for the probe. The hash function will be h(x) = x % sz where sz is the size of the array (10 in this
case). The probe hash function is h,(z) = (2/100) % sz where sz is the size of the array (10 in this

case).
Insert the following values into the hash table in this order: 115, 273, 516, 908, 418, 312, 798.
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3 Coding

1. (15 Points) Write either the Merge Sort or the Quick Sort for a templated array, do only one of these.
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2. (15 Points) Write the insert and delete by merge functions for a templated (unbalanced) binary search
tree. The delete by merge should merge the subtree from the immediate successor of the deleted node.
The following is the class specification you will be working in. Create implementations for all the

functions except for the destroySubTree function.

template <class T> class BinaryTree {
private:
struct TreeNode {
T value;
TreeNode xleft;
TreeNode xright;
}i

TreeNode #*root;

void insert (TreeNode =*&, TreeNode *&);

void destroySubTree (TreeNode *); // Do not implement.
void deleteNode (T, TreeNode *&);

void makeDeletion (TreeNode *&);

public:
BinaryTree () { root = nullptr; }
"BinaryTree() { destroySubTree(root); }

void insertNode (T);
void remove (T);
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3. (15 Points) Write the three binary tree traversal functions, inorder, preorder, and postorder. These
are to all to include a function pointer parameter that will apply the function to each element of the
tree. These traversal functions should fit into the same framework as the given specification in the
previous exercise.

Also write a call to to these functions, as if in the main, that will print the value in the node to the
console screen, this parameter function pointer should be done as a lambda expression.
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4. (15 Points) Write either the depth-first or breadth-first search for the templated graph, do only one
of these. The functions should be written as if in the main program. Below is the specification to the
Graph class that these functions are to work with. You may use the the functionality of this class, any
structure from the STL and any functions from the algorithm library. Outside of that, you need to
write the full code. The output can simply be a printout of the list of edges to the console screen.

template <class T> class Graph {
protected:
vector<pair<T, vector<T>>> graph;
bool directed;

public:
Graph (bool dir = false);
virtual “Graph();

bool isDirected() { return directed; }
int numVertices();

int size();

void clear();

void addvVertex (T);

void addVertices (vector<T>);

void addEdge (T, T);

void addEdge (pair<T, T>);

void addEdges (T, vector<T>);

void addEdges (vector<pair<T, T>>);

void deleteEdge (T, T);

void deleteEdge (pair<T, T>);

void deleteEdges (T, vector<T>);

void deleteEdges (vector<pair<T, T>>);
void deleteVertex (T);

vector<T> getAdjacentList (T);
vector<T> getVertexList ();
vector<pair<T, T>> getEdgelList();
int getVertexPos (T);

int getEdgePos (T, T);

void sortVertexList () { sort(graph.begin(),

void print();
void saveGraphFileGML (string);

graph.end());

}
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