Math 201 Exam #1 — Solutions

1. (10 Points) Given the graph of the the function f below, answer the following.

() lim f(x) = 6 () f(-2) =3

(b) f(—8) = -3 (g) il_}H(li (x) = Does not exist.
(c) xli)rgf(x) = Does not exist. (h) xhjéi f(z)=5

(d) lim f(z)= o0 (i) lim f(z) =2

(©) Jlim flz)=3 0 £6) = 5

(k) List all points of discontinuity. For each, state the type of discontinuity and state
if the function is continuous from the left or right at that point.
e r = —8&8: Removable, not continuous from the left or right.
e r = —2: Infinite, continuous from the left.
e r = 6: Jump, continuous from the right.
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2. (10 Points) Sketch the graph of an example of a function f that satisfies all of the
given conditions.

(3) Jim, f(x) =2 © i 7o)
(b) f(=3)=—2 W) i 1) =3

(©) Iy, S0 =1 -

() lim f(x) = o0 (T) f‘<2> =1 )

(¢) £(0) Does not exist. (i) lim f(z) = =2

() hgi f(z) Does not exist. (k) a;gr_noof(m) ~0
Solution:
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3. (10 Points) Find the following limit using limit laws. Keep your answer in exact form.

r+1
11m
-1 133 +1

Solution:
) r+1 i z+1
lim =
r—1123 4+ 1 eo=1(x+1)(z2 —xz+1)
1

I 1
= lim ——m = —
z——122 —x4+1 3

4. (10 Points) Find the following limit using limit laws. Keep your answer in exact form.

(=2+h)"t+271

i h
Solution:
—24h) 427! L+ 3
lim( +) + — lim 222 2
h—0 h h—0 h
2+h—2
o 2(h2)
= m=
h
. 2(h—2)
= mey
I h
= lim
h—0 2(h — 2)h
) 1 1
= lim = —

Solution:
i r? —dr +4 r (x —2)?
im——— = lim
=2 x4 — 312 — 4 =2 (22 —4)(x2 4+ 1)
_ 92
= lim (x=2)
22 (x +2)(x — 2)(22 + 1)
S T S

=2 (z+2)(22 + 1)

6. (10 Points) Find the following limit using limit laws. Keep your answer in exact form.

lim | - —
t—0 t t2 + t
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Solution:

. (1 1 . t+1-1
lim - — = lim——
t—=0 \t 2+t t=0 t(t+1)

y
50 ¢t + 1)

= lim—— =1
t—0t+1
7. (10 Points) Show that there is a solution of the equation
sin(z) — 1= cos(z) + 1
in the interval (%, %’T)
Solution: A solution to
in(a) — ;= cos(a) + ;
sin(z) — = = cos(x) + —
4 4
is equivalent to a solution to
1
cos(x) — sin(x) + 5= 0
Let f(z) = cos(z) — sin(z) + 3, then f(r/4) = ‘/75 - ‘/75 + 3 =3 and f(2r/3) =
—% — \/75 + % = —\/73. Since f(x) is continuous for all real numbers, the intermediate

value theorem implies that there is a value T < ¢ < 2% with f(c) = 0.

8. (10 Points) Find the following limits. Keep your answers in exact form.

lim r+3 lim x4+ 3
T—00 \/m T—>—00 \/m
Solution:
. r+3 . 243
zh—>ngo V2?2 —1 B ach—golo 20°—1
. 1+3
= lim L
T—>00 2021
x2
po L 3 1
= lim = —
T—00 9 _ 1 \/§
332
I x4+ 3 oy xT+3
x—1>11100 m o :c—l>Izloo 2221
_ 1+2
= lim — -
r—r—00 293271
IQ
y 1+32 1
= m — = ——
T—r—00 9 _ 1 \/5
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9. (10 Points) Find the following limits. Keep your answers in exact form.

lim (m n 2m> lim (m n 295)

T—00 T—r—00

Solution: The first limit is infinite since both terms are increasing without bound and
we are adding them together.

lim (\/ 422 + 32 + 2x> = 00

T—r00

The second limit is of the indeterminate form oo — oco.

Viz2 £ 37 — 2
lim <\/4$2 T 32+ 2g;> —  lim (\/4:52 T30+ 2x) VAT T v
T——00 T——00 \/41‘2 + 3r — 2z

’ (42% + 3x) — 422
= lim

z—=—00 \/4x2 + 3x — 2x

3z

= lim
t——00 \/4x2 + 3 — 2x
i 3z
= lim
T a2, 4+ % —2r
3
= lim L
Tzl 44 2 =20
3
= lim <
T gy 4+§—2x
3z
= lim
Ty (—\/4%— 3 —2>
3 3

= lim ————— = ——
z——00 4_’_%_2 4

10. (10 Points) Prove that

lim (\/m> sin <E> =0

z—0 X

Solution: Since —1 < sin(w/z) < 1 we have
—Vad 4+ 2?2 < <v$3+x2) sin <Z> < Va3 4 22
x

So
0= lir%—\/x3 + 22 < lin% <\/:133 + :172> sin (f) < liH(l] Vi +22=0
xr—r Tr— T—

x
Hence by the squeeze theorem,

lim (m) sin (f) —0

z—0 X
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