Math 201 Exam #1 — Solutions

1. (10 Points) Given the graph of the the function f below, answer the following.

YA
I\
/1
\ N
1/ 1 \ 1
L \ s
o] 1) X
(a) xli)rggf(m) = Does not exist. (f) xllgl+ fz) =
(b) [Jim flz)= -2 (g) lim f(z) = —oc
(© lim_ () =0 () 7(2) =
(d) lim f(x) = oo (i) Ii (:v) =2
(e) f(0) = Does not exist. () ( )

(k) List all points of discontinuity. For each, state the type of discontinuity and state
if the function is continuous from the left or right at that point.
e r = —3: Jump, continuous from the left.
e z = (: Infinite, not continuous from the left or right.
e 1 = 2: Infinite, continuous from the right.
e = = 4: Removable, not continuous from the left or right.
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Math 201 Exam #1 — Solutions

2. (10 Points) Sketch the graph of an example of a function f that satisfies all of the
given conditions.

(2) Jim f(z)=-1 (8) lim f(x) Does not exist & not infinite.
(b) Tim f(z) = M) lm ) = -1
8 h(m )(D;e:s 110; exist. 5 T
(e) x;rz{ f( )=—1 () lim f(z) =1
() £(0) = (k) lim f(z) =
Solution:
1 °

-2

-3
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3. (10 Points) Find the following limit using limit laws. Keep your answer in exact form.

oxd =27
lim
z—3 12 —90
Solution:
23— 27 . (x=3)(z*+3x+9)
lim = lim
—3 12 -0 7—3 (:)3 - 3) (:E + 3)
22 +3x4+9 27 9
g llm _— = — = -
T3 T+ 3 6 2

4. (10 Points) Find the following limit using limit laws. Keep your answer in exact form.
1 1

lim leth)? o

h—0 h
Solution:
,1};% (x-i-h)h a2 _ }lli% z (oc}:—h)
= lim —Iz — (@t h)?

h—0 hz?(x + h)?
. a?— (2 + 2zh + h?)
= lim
h—0 hz?(z + h)?
B hme—a:Q—2a:h—h2
© h=0 ha?(x + h)?
—2zh — h?
B0 ha?(x + h)?
h(—2z — h)
m-—— =
h—0 ha?(x + h)?
-2z —h —2z 2

hli% 22(z + h)? x4 3

5. (10 Points) Find the following limit using limit laws. Keep your answer in exact form.

o Vltrz—V1—x
lim

x—0 x

Solution:

V1t —V1—-2 VIt —V1—2 Vid+ax+V1—-2
lim = lim .
20 x 20 x Vitr+V/1—x
4o
=0 z(v/14+ 2+ 1 —x)
! 2x
im
=0 £(v/14+ x4+ /1 —x)
2

lim
=0 /142 ++1—x
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6. (10 Points) Find the following limit using limit laws. Keep your answer in exact form.

lim

r——5

Solution:

222 +9x —5

i
i x2 — 25

r——5

= 1m

222 +9x —5

x2 — 25

(2z —1)(x +5)
z—=5 (z+5)(x —b)
20— 1 _ —11 _ 11

= lim —

—-10 10

z—=—5 r —H

7. (10 Points) Show that there is a solution of the equation

tan(x) = sin(x) + %

in the interval (%, g—r)

Solution: A solution to

tan(z) = sin(x) + %

is equivalent to a solution to

1
sin(x) + 3~ tan(z) =0

Let f(z) = sin(z) + § — tan(z), then f(7/6) = $ +1 - 5= =1- 3

7 7§>0and

f(r/3) =% +1-3= \/§+12_2‘/§ = 1_2‘/§ < 0. Since f(z) is continuous for all real

2

numbers, the intermediate value theorem implies that there is a value § < ¢ < Z with

f(c) =0.

8. (10 Points) Find the following limits. Keep your answers in exact form.

V1 + 46

li
1m 9 _ 23

T—00

] V14 46
lim ———

z—3—0c0 2 — g3

Solution:
\ /1 _|_ 41.6 —\/1‘5‘34356
lim ——— = lim %5
=00 2 — l‘3 T—00 27;”
1+%x6
= lim °
st4 9
= lim 5 = = -2
roo0 S — 1 -1
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VI 4z T

lim ——— = lim

r——oco 2 — 13 r—00 2=7°
23
1+426
. V S
= lim ——
r——o0 = —1
x
1
' = +4 9
= lm ————=——-=2
T——00 = -1 —1
x

9. (10 Points) Find the following limits. Keep your answers in exact form.

lim <\/25w2+ —53:) lim (\/25x2+ —5x)

T—00 T—r—00

Solution: The second limit is infinite since both terms are increasing without bound
and we are adding them together.

lim (\/ 2572 4+ 2 — 5x> = 0

T—r—00

The first limit is of the indeterminate form oo — co.

NG
lim (\/25.7:2—1— —5a;> ~ lim <\/25x2+ —5:c)- 02" t2+92
r—00 T—00 YV 25ZE2 —+ 2 + 51’

2522 4 2 — 2522

lim

w00 /2532 + 2 4 B
2

lim

z—00 /2522 + 2 + bx

2
lim z* cos <—) =
x—0 x

Solution: Since —1 < cos (%) < 1 we have

=0

10. (10 Points) Prove that

2
—zt < 24 cos <—> < 2
T

So )
0 = lim —z* < lim 2* cos (—) <limz*=0

z—0 z—0 €T z—0

2
lim 2* cos <—) =
x—0 €x
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Hence by the squeeze theorem,




