
MATH 202 Exam #4 — Solutions

1. (20 Points) Use (a) the Trapezoidal Rule, (b) the Midpoint Rule, and (c) Simpson’s
Rule to approximate ∫ 4

1

√
x cos(x) dx

using n = 6 divisions, correct to at least 5 decimal places. For each case, state the
error bound of the approximation. Graphs of f(x), f ′′(x), and f (4)(x) are given below.

Solution: f(x) =
√
x cos(x)

Trapezoidal Rule∫ 4

1

√
x cos(x) dx ≈ 1

4
(f(1) + 2f(1.5) + 2f(2) + 2f(2.5) + 2f(3) + 2f(3.5) + f(4))

≈ −2.809382283045509

|ET | ≤
K(b− a)3

12n2
≤ 2(4− 1)3

12 · 62
=

1

8
= 0.125

Midpoint Rule∫ 4

1

√
x cos(x) dx ≈ 1

2
(f(1.25) + f(1.75) + f(2.25) + f(2.75) + f(3.25) + f(3.75))

≈ −2.869748949082449

|EM | ≤ K(b− a)3

24n2
≤ 2(4− 1)3

24 · 62
=

1

16
= 0.0625
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Simpson’s Rule∫ 4

1

√
x cos(x) dx ≈ 1

6
(f(1) + 4f(1.5) + 2f(2) + 4f(2.5) + 2f(3) + 4f(3.5) + f(4))

≈ −2.850266286948311

|ES| ≤
K(b− a)5

180n4
≤ 2.5(4− 1)5

180 · 64
≈ 0.002604166666666667

2. (15 Points) Find the following integral if it exists and if it does not show why.∫ ∞

e

1

x(ln(x))2
dx

Solution:∫ ∞

e

1

x(ln(x))2
dx = lim

t→∞

∫ t

e

1

x(ln(x))2
dx = lim

t→∞
− 1

ln(x)

∣∣∣t
e
= lim

t→∞
− 1

ln(t)
+ 1 = 1

3. (15 Points) Find the exact arc length of the curve,

y =
x3

3
+

1

4x

on the interval 1 ≤ x ≤ 2.

Solution: f(x) = x3

3
+ 1

4x
and f ′(x) = x2 − 1

4x2

L =

∫ 2

1

√
1 +

(
x2 − 1

4x2

)2

dx =

∫ 2

1

x2 +
1

4x2
dx =

59

24
≈ 2.458333333333333

4. Extra Credit (5 Points) The surface formed by rotating the curve y = 1/x, x ≥ 1,
about the x-axis is known as Gabriel’s horn. Show that the surface area is infinite and
that the enclosing volume is finite by finding the exact volume. Hence this is an object
that you can fill with paint but you can’t paint it.
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Solution: The volume, using the disk method is∫ ∞

1

π

x2
dx = π lim

t→∞

∫ t

1

1

x2
dx = π lim

t→∞
−1

x

∣∣∣t
1
= π lim

t→∞

(
−1

t
+ 1

)
= π

The surface area of Gabriel’s horn is

A =

∫ ∞

1

2πy ds = 2π

∫ ∞

1

1

x

√
1 +

(
− 1

x2

)2

dx = 2π

∫ ∞

1

1

x

√
1 +

1

x4
dx

≥ 2π

∫ ∞

1

1

x
dx = 2π lim

t→∞

∫ t

1

1

x
dx = 2π lim

t→∞
ln(x)

∣∣∣t
1
= 2π lim

t→∞
ln(t) = ∞

So you can fill the horn with π gallons of paint but you can’t paint it.
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