MATH 310 FExam #2 — Solutions

1. (15 Points): Find the limit, if it exists, or show that the limit does not exist.

xy?

lim ———
(z,9)—(0,0) 2 + b
Solution: On the path of z =0

l'yg

lim ——— =
(.9)—(0,0) 2% + O
and on the path of x = 32

zy? . yiy? .y

lim ——— = lim = lim 2= = =
@y)—00) 22 +y®  (@y—-00) yS +y5 y=02yS 2

Hence the limit does not exist.

2. (20 Points): Do one and only one of the following:

(a) Find all the first and second partial derivatives of f(z,y) = e~2® cos(y?).
Solution:
fo = —2e *cos(y?)
fy = —2ye ¥ sin(y?)
fer = 4e7* cos(y?)
foy = —2¢7*(sin(y®) + 2y% cos(y?))

fa:y - fya: - 4y6_2z Sin(yZ)

(b) Find an equation of the tangent plane to the surface z = z sin(x + y) at the point
(—1,1).
Solution: At (—=1,1),2=0. f, = sm(x—i—y)—i—:c cos(z+y) and f, = x cos(x+y) so
at the point (—1,1,0) we have f,(—1,1) = sin(0) — cos(0) = —1 and f,(—1,1)
—cos(0) = —1. So the equation of the tangent planeis, z = —(z+1)—(y—1)+0
- —y.

3. (20 Points): Use the Chain Rule to find 0z/0s and 0z/0t when z = In(3z + 2y),
x = ssin(t), and y = t cos(s).

Solution:
B 3
. 3r + 2y
2
E 3r + 2y
rs = sin(f)
r; = scos(t)
ys = —tsin(s)
¥ = cos(s)
So 0z/0s = 3x+2y sin(t) — 3I+2ytsm( s) and 0z /0t = 3x+2y5 cos(t) + 3x+2y cos(s).
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4. (20 Points): Find the directional derivative of z = z?e¢™¥ at (3,0) in the direction
= (3,4). In what direction, on this surface and at that point, would the directional
derivative be a maximum?

Solution: Vf = (2ze ¥, —x%7Y), so Vf(3,0) = (6, —9), and u = (3,4) /32 + 42 =
(3/5,4/5). Hence Dy(f(x,y)) =V f-u=(6,-9)-(3/54/5) = —18/5. The direction
of the maximum is the direction of V f(3,0) = (6, —9).

5. (25 Points): Do one and only one of the following:
(a) Find the absolute maximum and minimum values of

f(z,y) =2°+zy+y* — 6y

on the domain D = {(z,y)| =3 <2 <3,0 <y < 5}.

Solution: f, = 2z +y, and f, = v+ 2y — 6. So y = —2z and hence 0 =
r+2y—6=z—4r —6 = —3xr — 6, so x = —2 and the corresponding y = 4. So
our only critical point is (—2,4) which is in our domain D. Now consider the four
curves on the boundary;,

i. When z = -3, f(z,y) = f(-3,y) =9 —3y+y*> — 6y = y* — 9y + 9. This has
a critical point at y = 9/2, so the point (—3,9/2) is a point of interest, as are
the endpoints (—3,0) and (—3,5).

ii. When z =3, f(z,y) = f(3,y) = 9+ 3y + y* — 6y = y*> — 3y + 9. This has
a critical point at y = 3/2, so the point (3,3/2) is a point of interest, as are
the endpoints (—3,0) and (-3, 5).

iii. When y = 0, f(z,y) = f(x,0) = 2. This has a critical value at = 0, so
the point (0,0) is a point of interest, as are the endpoints (—3,0) and (3,0).

iv. When y = 5, f(z,y) = f(x,5) = 2* + 5z — 5. This has a critical value at
x = —5/2, so the point (—5/2,5) is a point of interest, as are the endpoints
(—3,5) and (3,5).

Evaluating the function at all the points of interest gives the following,

. f(-2,4)= 12

e f(—3,9/2) =—11.25
o f(3, 3/2)—675

e f(0,0)=

o f(— 5/2,5)——11 25
e f(—3,0)=

e f(—3,5)=

° f(3,0)=9

e f(3,5) =19

So the absolute maximum 19 at the point (3,5) and the absolute minimum is —12
at the point (—2,4).
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(b) Find the local maximum and minimum values and saddle point(s) of the function,
flo,y) =a®+y’ = 32" = 3y" — 9y
Solution:

f. = 32*—6x
fy = 3y*—6y—9

fxx = 6x—06
fyy = 6y—6
fxy:fyz = 0

D(z,y) = (6z—6)(6y—6)=36(x—1)(y—1)

The solutions to 322 — 6x = 0 are z = 0 and 2 = 2 and the solutions to 3y? —

6y —9=0arey =—1and y = 3. So we have four critical points (0,—1), (0, 3),

(2,—1), and (2,3). Applying the second derivative test we have,

(0,—1), D(0,—1) > 0, f.(0,—1) < 0, local maximum.

(0,3), D(0,3) < 0, saddle point.

(2,—1), D(2,—1) < 0, saddle point.

(2,3), D(2,3) >0, fu(2,3) > 0, local minimum.

(c¢) Use Lagrange multipliers to find the extreme values of the function f(x,y) = zy
subject to the constraint 422 + y? = 8.
Solution: Vf = \Vy, g(z,y) = 42% + y?, and 42 + y*> = 8. This gives, y = 81\
and x = 2yA. Solving for A in both equations gives A = % and A = 2£y So
8%: = %, giving 2y? = 822, or equivalently, y* = 4x2. Substituting this into
the constraint equation gives 8 = 42% + 42?2 = 822, so v = £1. Again using the
constraint equation, for either value of x we get y?> = 4 and hence y = £2. So the
points of interest are (1,2), (1,-2), (—1,2), and (=1, —2). Evaluating f at each
gives f(1,2) =2, f(—1,2) = =2, f(1,-2) = =2, and f(—1,—2) = 2. So the max
is 2 which happens at the two points (1,2) and (=1, —2) and the min is —2 which
happens at the two points (—1,2) and (1, —2).
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6. (10 Points): Do either of the two exercises you did not do in problem #5. Do only one
of them.
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