COSC 320 Master Theorem Exercises — Solutions

The Introduction to Algorithms text has some exercises on page 106 (specifically 4.5-1). In
addition, I have made up a few below.

Use the Master Theorem to find a, b, f(n), and the complexity of a function. In all cases the
function being analyzed that takes an array of size n as its parameter. Simplify all logarithms as
far as possible.

Theorem 4.1 (Master theorem)

Leta > 0 and b > 1 be constants, and let f(n) be a driving function that is
defined and nonnegative on all sufficiently large reals. Define the recurrence T'(n)
onn € N by

T'(n) = aT(n/b) + f(n).

where aT'(n/b) actually means a'T(|n/b|) + a”"T([n/b]) for some constants
a’ = 0and a” = 0 satisfying @ = @’ + a”. Then the asymptotic behavior of 7'(n)
can be characterized as follows:

1.

If there exists a constant € > 0 such that f(n) = O(n'**¢), then T(n) =
O(nler ),

If there exists a constant ¥ > 0 such that f(n) = ®(n's ¢ lgk n),then T'(n) =
O(n'o= @ 1g51 ).

If there exists a constant € > 0 such that f(n) = Q(n'°2*7¢), and if f(n) addi-
tionally satisfies the regularity condition af(n/b) < c¢f(n) for some constant
¢ < 1 and all sufficiently large n, then T'(n) = ®(f(n)). [ ]

. The function that takes an array of size n and does three recursive calls each on 25% of the

array. The other work done in the function is a single for loop that runs through the input
array one time and does one operation to each array element.

. The function that takes an array of size n and does three recursive calls each on 25% of the

array. The other work done in the function is all constant time.

. The function that takes an array of size n and does four recursive calls each on 25% of the

array. The other work done in the function is a single for loop that runs through the input
array one time and does one operation to each array element.

. The function that takes an array of size n and does four recursive calls each on 25% of the

array. The other work done in the function is all constant time.

. The function that takes an array of size n and does two recursive calls each on 25% of the

array. The other work done in the function is a single for loop that runs through the input
array one time and does one operation to each array element.

. The function that takes an array of size n and does two recursive calls each on 25% of the

array. The other work done in the function is all constant time.

The function that takes an array of size n and does four recursive calls each on 20% of the
array. The other work done in the function is two nested for loops. The first runs through
the entire array (i from 0 to n — 1), and the second runs from i to the end of the array (j
from i to n — 1).
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8. The function that takes an array of size n and does four recursive calls each on 20% of the
array. The other work done in the function is a single for loop that runs through the input
array one time and does one operation to each array element.

9. The function that takes an array of size n and does seven recursive calls each on 20% of the
array. The other work done in the function is a single for loop that runs through the input
array one time and does one operation to each array element.

Solution:
= 3n, O(n).
= 1, O(n5?),

= 3n, ©(nlg(n)).

(

2. a=3,b=4, f(

3.a=4,b=4, f(n
(
(
(

7.a=4,b=5, f(n
8. a=4,b=5, f(n)= O(n).

= 3n, O(n'o8s 7).

Note that, as discussed in class, constants times the f(n) function don’t matter and nor do

lesser terms. So if you used n instead of 3n or 3n 4 1 instead of 3n, your conclusions would be the
same.
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