M 130 – final wrap up notes                                                            Dr. Bergner
We spent a large portion of the class considering the whole numbers and the operations of addition and subtraction ( combining  groups and comparing different size groups) and the operations of multiplication and division ( creating multiple groups of the same size and given a big group parceling it out into other groups).

In doing so we saw that sometimes an operation produced a number that was not whole:

2 - 5 yields “-3”

3/ 2 yields 1 full group and a part of another group

The fact that this happens is attributed to the lack of closure.  The whole numbers under subtraction are not closed, the whole numbers under division are also not closed- but they are under the operations of addition and multiplication.  So if we wanted to “close” things up we need other numbers.

This led to the integers – the whole numbers, zero, and the negative of the whole numbers.   Now if we look at the integers under subtraction they are closed. 

 If we want a minimal number system that is closed under division we need more than just the integers (look at 3 divided by 5).  We can try the fractions, which are actually called the rational numbers.  These are defined to be a ratio of integers so this includes the wholes ( 3 is really 3/1), the integers ( -7 is -7/1), and our familiar “standard” fractions ( 2/3, 2½  , 10/3).   The rational numbers are closed under addition and multiplication ( because of the way subtraction and division are defined the rationals are also closed with respect to these operations). 
Remember, we extended our notions of what it means to add, subtract, multiply and divide numbers by going back to the original definitions ( a x b is a groups of b, a + b is combining 2 groups of “size” a and “size” b ) and applying them to these types of numbers.  

Now it looks like we have a big enough variety of numbers until you consider the following situation:  if you have a right triangle with legs of length 1 and 1, what is the length of the hypotenuse?  Remembering the Pythagorean theorem it turns out to be 
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.  Try as you many this cannot be written as the ratio of 2 integers- as a fraction.  But this length does exist, just draw the triangle and measure the hypotenuse.  So we have one other “type” of number: those that cannot be written as a ratio of integers.  These are called the irrationals and also include the constants 
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p

 and e.  
The rationals and the irrationals have no overlap and together make up all the Real numbers .  In set theory we would say that they are disjoint sets (have an empty intersection) whose union is the Real numbers.  

The real numbers become your universe once you hit algebra.  All the numbers you work with are of this type.  Note that the wholes, integers, fractions are just subcategories of the reals.  In fact the whole are contained in the integers which are contained in the fractions: 







FORMS OF NUMBERS

After dealing with fractions, one realizes that these have decimal equivalents.  Every fraction has a decimal form that is 

1) terminating like 2/5 is .40                     OR

2) nonterminating but repeating like 1/3 is .33333333333333333333333

 However, not all decimal numbers have a fraction form!  These are the irrationals, they are not rational.  These are nonterminating, non-repeating decimals.  Included here are 
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 and e , to name a few.  

Now if we consider the real numbers under the operations of addition, subtraction, multiplication, and division we see that the set of real numbers is closed with respect to each operation.  
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