Set theory is very important to modern mathematics as it is often used as our foundational theory.  In other words, it is what we use to justify any assumptions made about the existence of mathematical objects and their properties.  

Set:  a collection of objects

In mathematics, a set is a well-defined collection of objects considered as a whole. Formally, with symbols, we define a set S as follows:   S = { x | P(x) }.  Note that P(x) can be considered the property that an element must satisfy to be a member of the set S. 

Naïve set theory –the basics

Intersections, unions, complements, differences, cardinality

A problem with the intuitive approach taken in naïve set theory- assuming that one could perform any operations on sets without restriction.  Can any condition be made in order to define a set?   Using our formal notation above, this question can be rephrased as can property P(x) be anything we want it to be?

Russel’s Paradox: 

Call the set of all sets that are not members of themselves "R."
To deal with this problem, with was really one of foundations at this time in mathematics, mathematicians moved on to :

Axiomatic set theory:  Building up set theory via the axiomatic approach.  It has axioms and uses the rules of inference to build up a deductive structure.

(Mathematicians define axioms differently than philosophers)

Logical axioms:  statements that are true in any possible universe, under any possible interpretation and with any assignment of values.

Non-logical axioms (postulates) are formulas that play the role of theory-specific assumptions

Eventually, mathematicians adopted a set of axioms for axiomatic set theory called ZFC ( Zermelo-Fraenkel set theory with the axiom of choice).  With this approach every object dealt with is a set. In particular, every element of a set is itself a set. 

