1. A 2-kg mass is attached to a spring with stiffness & = 50 N/m. The mass is
displaced 1/4 m to the left of the equilibrium point and given a velocity of 1 m/sec to
the left. Neglecting damping, find the equation of motion of the mass along with the
amplitude, period and frequency. How long after release does the mass pass through
the equilibrium position?

[12 points]
Differential Equation: 2y” + 50y =0, y(0) = —1/4, ¢'(0) = —1

1 1

Equation of motion: y(t) = —7 o8 5t — R sin 5t
Time: t ~ .45 sec

2. A 32-Ib weight is attached to a vertical spring, causing it to stretch 6 in. upon
coming to rest at equilibrium. The damping constant for the system is 2 Ib-sec/ft. An
external force F(t) = 4 cos 8t 1b is applied to the weight. Find the steady-state solution
for the system.

[12 points]
Differential Equation: 3" 4+ 2y’ + 64y = 4 cos 8t

1
Steady-state solution (particular solution): y,(t) = ) sin 8¢



3. Use the elimination method to find a general solution to the given linear system.

¥=x—y
y =y—4dx
[12 points]
Solution:
z(t) = cre™t + coe®
y(t) = 2cie™" — 2cqe3t
4. Solve the following system of differential equations.
¥ =3r—y—12
Y =x+y+4e
[12 points]

(Hint: Use determinants)
Solution:

z(t) = c1e®! + cpte® + 3 — 4et

y(t) = (c1 — ca)e? + cote? — 3 — 8¢t



5. Solve the following differential equation.

y/l/_4y//+yl+6y:0

[12 points]
Solution: y(z) = cie™™ + ce3® + cze**
6. Solve the differential equation
d 2
ay + Y _ o 22y
de
[12 points]

Solution: y(x) = (cx? — 223)~! [ y(z) = 0.



7. Solve the following system initial value problem.

y" +y" =cos(2t), y(0)=1, y(0) =2, ¥"(0) =3
[12 points]
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Solution: y(t) = —2 + 5t + € 58 2t — T sin 2¢



8. Solve the following differential equation using variation of parameters.
y/// + y// — SeCt
[12 points]
Solution:

ypt) = <—/tsect dt—ln|sect+tant|) + —tIn|sect + tant| +e”" (/etsect dt)

y(t) = c1 + ot + cze™ + (1)

Note: There are no elementary functions that are [t¢sect dt and [ e'sect dt.



9. Find a series solution for the following initial value problem:

y'+ay +y=0, y(0)=0, y(0) =1
[12 points]

Form: y(z) = Z apx"”
n=0

_1>nx2n+l

Solution: y(z) =Y 1.3. 5(- - (2n+1)

n=0



10. Both x = 0 and x = —1 are singular points of the differential equation
2@+ 1)%" +(2* - 1)y’ +2y =0
Classify each as regular or irregular.
[12 points]

Both points are irregular.

12. Solve the following Cauchy-Euler equation
2%y + 2xy — 4y =0
[12 points]

Solution: y(z) = ¢iz~' cos (F Int) + ezt sin (2 Int)



13. Find a differential operator annihilates the given functions: a)l — 5z% 4+ 8z?; b)

67393

[12 points]
Solution: a) D*; b) D + 3

14. Find a lower bound for the radius of convergence of the series solutions about
x = —1 for the differential equation

(@ +1)y" +ay —y=0
[6 points]
Singular points: +i; lower bound: /2



Bonus. Find a series solution about the regular singular point x = 0 of
22y (x) — 2y () + (1 — 2)y(z) =0, >0

using the method of Frobenius.

[20 points]
Form: y(x) = Z anz" "
n=0
Solution: y(z) = Z (a|o>2x”+1
n!
n=0



